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Abstract
Mechanical face seals are constitutive components of turbomachines, which in turn can be constitutive to other systems
(e.g. aircraft). Furthermore, the rotating element of a face seal is inextricably coupled to the turbomachine via a flexible
mount, and the stationary seal element is coupled to the rotating seal element via the fluid film existing between the seal
faces. Consequentially, understanding interactions between the seal and turbomachine is important for quantifying seal
performance and improving its design. With few exceptions, previous works study the face seal dynamics independent
from the rotordynamics. In addition, most prior investigations consider only angular and axial seal dynamics and neglect
eccentric (i.e. lateral) deflections of the seal element(s). For the first time, this work develops a comprehensive and novel
model of a mechanical face seal in the inertial reference frame including coupled rotordynamics and inertial maneuver
loads of the overall system. The model is developed for a general seal geometry where both seal elements, stationary and
rotating, are flexibly mounted and allowed to undergo angular, axial, and eccentric deflections. In addition, the seal model
presented here accounts for transient operation, fluid shear forces, seal face contact, friction, and thermoelastic deformation. Finally, various faults due to manufacturing imperfections, component flaws, and/or installation errors can be
accounted for by incorporating static angular misalignment of both seal elements, dynamic angular misalignment of the
rotating seal element, eccentric rotating imbalance, and axial offset of the rotating seal element center of mass.
Throughout this work, the equations of motion developed are valid for both steady-state and transient operation.
This comprehensive model significantly advances the state of the art in mechanical face seal dynamic modeling and
represents a pivotal step towards analyzing seal performance regarding a broad diversity of realistic problems.
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Introduction
Mechanical face seals allow a rotating shaft to transfer
power through ﬂuid reservoirs of diﬀering pressure.
The seal apparatus is classiﬁed according to which
element, rotating or stationary, is ﬂexibly mounted
(e.g. ﬂexibly mounted stator (FMS), ﬂexibly mounted
rotor (FMR), or ﬂexibly mounted stator-rotor
(FMSR) seals). It is important to note that designating
the rotating seal element as the rotor is vestigial from
previous works that negated the rotordynamics. In this
work, the ‘rotor’ refers to the ﬂexible shaft and rigid
disc(s) of the complete turbomachine. Mechanical
face seals are also categorized according to how ﬂuid
sealing is generated. Contacting mechanical face seals
rely primarily on seal face asperity contact to provide
sealing and restrict leakage. Unfortunately, the useful
life of this design is limited by friction, wear, and

excessive thermal deformation, and the element must
be routinely repaired or replaced. On the other hand,
non-contacting mechanical face seals, such as those
considered in this work, create ﬂuid sealing via hydrostatic and/or hydrodynamic pressure; this design
extends the element’s useful life at the expense of
increased ﬂuid leakage.1,2
Understanding how mechanical face seals and turbomachines interact is paramount towards developing
the next generation of high-performance mechanical
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face seals. Because non-contacting mechanical face
seals reduce friction and increase component life,
they are often used in high-performance applications
such as nuclear reactor coolant pumps and high-speed
turbomachinery.3 Increased turbomachine eﬃciencies
are often achieved by reducing ﬂuid clearances,
increasing rotor shaft speeds, and implementing
lighter and more ﬂexible rotors; these enhancements
undoubtedly inﬂuence seal performance. Greater
shaft speeds and lighter, more ﬂexible rotors increase
rotor vibration, while smaller ﬂuid-ﬁlm clearances
increase the chance for undesirable seal face contact.
One study indicates that reducing turbomachine ﬂuid
clearances in a broad array of industries could save
1.554 billion gallons of fossil fuels consumed annually
(i.e. 0.3% of the U.S. energy consumption4).
Mechanical face seal designs must advance commensurately with modern turbomachinery improvements,
thus requiring uniﬁed dynamic models of the coupled
turbomachine-seal system.
The objective of a non-contacting mechanical face
seal is to minimize leakage while avoiding face contact; both of these concerns are dictated by the seal
face dynamics. Face seal dynamics have been extensively studied for the case where the rotordynamics
are neglected. The seal dynamics are predicated on
modeling the forces developed within the ﬂuid sealing
dam. Etsion et al.5–7 derive the ﬂuid pressure within a
narrow seal8 and include hydrostatic, hydrodynamic,
and squeeze eﬀects. The ﬂuid pressure is then applied
to obtain the ﬂuid ﬁlm forces and moments (and associated stiﬀness and damping coeﬃcients) for an FMS
mechanical face seal.9 These forces and moments (or,
equivalently, the linearized rotordynamic coeﬃcients)
are instituted in the seal equations of motion to predict the angular response versus static misalignment
of the rotating seal element.10,11 Similar analyses have
also been performed for an FMR conﬁguration,12–14
where, once again, the designation ‘rotor’ is a vestigial
moniker referring to the rotating seal element. Lee
and Green15 construct a test rig and experimentally
verify the results of the FMR model by extracting the
seal’s dynamic response using a suite of eddy-current
proximity probes.
The dynamics of a seal where both elements are
free to deﬂect has also been previously studied.
Once again, recall that the term ‘rotor’ in the following studies refers to a rotating seal element and not
the turbomachine rotor. Wileman and Green16,17
develop the equations of motion for an FMRR seal
where both elements are permitted to rotate. Even
though the FMRR conﬁguration is uncommon in
practice, it represents the most generic case and can
be degenerated into any of the more common seal
conﬁgurations. Results from a later analysis18 discuss
performance diﬀerences between FMS, FMR and
FMSR seal conﬁgurations. The FMR and FMSR
conﬁgurations both produce smaller relative misalignments than an FMS conﬁguration. The model is later
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expanded to include eccentric deﬂections,19 where
preliminary results are found by assuming constant
synchronous shaft whirl.20 The eccentric ﬂuid ﬁlm
forces used therein are based on previous derivations
by Etsion21 for eccentric misaligned face seals.
Excessive rotor vibration can precipitate intermittent face contact in mechanical seals. Etsion and
Constantinescu22 encounter face contact in an FMS
seal test rig, and suggest contact as a possible explanation for seal failure. Lee and Green15,23 also observe
unexpected face contact in an experimental seal test
rig, and subsequently employ a heuristic approach
for quantifying contact-induced higher harmonic
oscillations. Varney and Green24 use asperity contact
models to simulate intermittent face contact in a noncontacting mechanical seal. The simulation results
from their study validate previously observed contact
vibration signatures. Etsion and Halperin25 suggest
using laser surface texturing to increase the stiﬀness
of the ﬂuid ﬁlm, thereby reducing the propensity for
face contact. A comprehensive transient analysis is
conducted by Green26 that seamlessly accounts for
the transition between contacting and non-contacting
states of operation, where the model includes surface
roughness, start-up/shut-down operation, and thermoelastic face coning. In a similar study, Wang
et al.27 use a more complex thermoelastic mechanical
seal model to investigate local variations in deformation and temperature across the seal surfaces.
Valigi et al.28 perform a parametric analysis to ascertain the impact of instabilities and stick-slip friction
in the transient performance of a mechanical face
seal. Still, none of these works attempt to quantify
the inﬂuence of rotordynamics on seal dynamic
performance.
The few works that include rotordynamics in existing seal models indicate that the rotor does indeed
inﬂuence the seal dynamics. Lee and Green29 use the
transfer matrix method and linearized ﬂuid ﬁlm coefﬁcients to couple the shaft rotordynamics and FMR
seal dynamics, and use the results to eliminate rotordynamic eﬀects as an explanation for unexplained
vibrations in a mechanical seal test rig. Still, results
from their study indicate that the rotordynamics do
indeed inﬂuence seal performance when the rotor is
suﬃciently ﬂexible. Varney and Green30 incorporate
angular rotordynamics into the transient performance
of an FMS seal and show that passage through
the rotor critical speed provokes undesirable face contact. The eﬀect of machine vibration is discussed
by Green,31 where machine vibration is integrated
into an FMS seal dynamic analysis by imposing a
white noise perturbation in the axial ﬁlm thickness
equation.
The objective of this work is to develop, for
the ﬁrst time, a novel comprehensive model for an
FMSR seal including both eccentric deﬂections and
external coupled rotordynamics. This seal model will
be referred to as the FMSR-ER seal, where the
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modiﬁers indicate that eccentric deﬂections and
coupled rotordynamic eﬀects have been considered.
Speciﬁcally, this model represents a comprehensive
approach to model mechanical face seal dynamics
by including the following eﬀects:
1. Coupled rotordynamic eﬀects of the turbomachine.
2. Inertial maneuver loads of the supporting structure, including translation and rotation.
3. Transient and steady-state operation of the system
allowing for start-up and shut-down regimes.
4. Static and dynamic angular misalignment.
5. Lateral and axial mass imbalance.
6. Fluid pressure for an isoviscous, isothermal, and
incompressible ﬂuid, including ﬂuid shear forces.
7. Contact pressure and friction found from the
elasto-plastic Jackson-Green rough surface contact model.24,32,33
8. Thermoelastic deformation caused by viscous and
frictional heat generation.
This complete model represents a signiﬁcant step
forward in describing and understanding the dynamic
performance of non-contacting mechanical face seals
and provides a useful tool for studying the holistic
performance of mechanical face seal systems.

A kinematic description of the FMSR seal
The FMSR-ER mechanical face seal with a ﬂexible
shaft and riding disc is shown in Figure 1. The stationary seal element is an annular ring mounted to the
housing using an axial support spring and a secondary
seal O-ring. Rotation of both seal elements about the
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shaft axis is constrained by an anti-rotation lock14,34
(i.e. torsional dynamics are neglected herein).
Opposite to the stationary seal element is the
ﬂat-faced seal seat, which in this work is the rotating
element. The rotating seal element is aﬃxed to a disc
and ﬂexible shaft (i.e. the rotor). A thin ﬂuid ﬁlm
separates the stationary and rotating seal elements,
where the region between the elements is referred to
as the sealing dam. Face coning and relative deﬂections induce hydrostatic and hydrodynamic ﬂuid
forces, which in turn generate clearances suﬃcient
for (hopefully) avoiding undesirable face contact.
The seal is balanced so that the opening and closing
forces are equivalent during operation, thus providing
a desired set-point clearance Co between the stationary and rotating seal faces. Given a prescribed inner
and outer pressure (Pi and Po), the magnitude of Co is
found by appropriately selecting the support spring
stiﬀness Fspr along with the inner, outer, and balance
radii (ri, ro, and rb, respectively).26

Degrees of freedom
The stationary and rotating seal elements are permitted to translate axially, deﬂect eccentrically, and
rotate about axes orthogonal to the axis of rotation.
The positive-drive devices (e.g. anti-rotation locks)
constrain torsional deﬂections of both elements, and
thus, this work does not consider torsional dynamics.
Thus, the dynamics of each seal element are
described using ﬁve degrees of freedom, and the
total seal apparatus (i.e. the FMSR-ER) constitutes
a 10 degree-of-freedom dynamic system. Here, the
symbols u, , and  are used to denote axial deﬂection,

Figure 1. FMSR-ER seal apparatus showing the coupled rotor (i.e. the flexible shaft riding disc).
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eccentric deﬂection, and tilt, respectively. The ﬁrst
subscript on each degree-of-freedom signiﬁes the
seal element (‘r’ for the rotating element and ‘s’ for
the stationary element). The second subscript signiﬁes
direction. In vector form, the degrees-of-freedom
including time-dependent thermal coning ðtÞ are

2.

3.
fqg ¼ fs

s

usz

s

s

r

r

urz

r

r

gT

ð1Þ
This vector can be expanded to include any number
of rotor degrees-of-freedom, if the seal dynamics must
be solved commensurately to the rotordynamics.
As will be seen, the seal elements are fundamentally
coupled by a thin ﬂuid ﬁlm (and possibly contact)
between the seal faces. In addition, the rotating seal
element dynamics are inextricably coupled to those of
the rotor for practical seal/rotor systems, although the
converse depends on whether the rotor is signiﬁcantly
larger than the seal.

4.
5.

6.

the inertial maneuver of the overall structure. This
frame is inertial if system maneuver is neglected.
s s s : A system-ﬁxed reference frame attached to
the stationary seal element geometric center, Cs.
This frame also experiences the maneuver rates
associated with aO and l 0 .
Xs Ys Zs : This frame is precessed about s by the
precession s. Xs deﬁnes the axis about which the
stationary seal element nutates (i.e. tilts).
xs ys zs : This principal frame is nutated about Xs by
 s.
r r r : A system-ﬁxed reference frame attached to
the rotating seal element geometric center, Cr. This
frame also experiences the maneuver loads caused
by a O and l 0 . The axis r deﬁnes the direction of
shaft rotation.
X0r Y0r Z0r : This frame is precessed about r by the
shaft rotation angle ðtÞ, which is related to the
shaft speed !r
Z

t

!r ðt0 Þdt0

ðtÞ ¼

Reference frames
A necessary prerequisite for understanding the system
kinematics and dynamics is understanding the reference frames used to describe the dynamics of each seal
element. These reference frames are shown in Figure 2
for both seal elements. The reference frames of interest here are:
1. : A system-ﬁxed (e.g. turbomachine-ﬁxed)
reference frame attached to the concentric undeﬂected location of rotating seal element geometric
center, Or (the stationary element geometric center
Os is separated from Or by the ﬁxed nominal clearance Co). The acceleration of this point is a O , and
the frame rotates with angular velocity l 0 .
The acceleration aO and rotation rate l 0 constitute

ð2Þ

0

7. Xr Yr Zr : This frame is precessed about r by the
absolute rotating seal element precession r, or
0
alternatively, precessed about Zr by the relative
0
0
precession
(i.e. r ¼ ðtÞ þ ).
8. xr yr zr : This frame is nutated about Xr by  r.
9. 1r 2r 3r : This body-ﬁxed, but not necessarily principal, frame is obtained by applying spin about zr.
The spin is related to the relative precession 0
by _ ¼  _ 0 14,34
10. xpr ypr zpr : This frame is rotated about 1r by the
dynamic angular misalignment
and represents
a body-ﬁxed set of principal axes for the rotating
seal element. The dynamic angular misalignment
deﬁnes the angle between the body-ﬁxed spinning
reference frame ð123Þr and the principal frame.

Figure 2. Reference frames used to describe the angular kinematics of the stationary and rotating seal elements. (a) Flexibly
mounted stationary seal element and (b) flexibly mounted rotating seal element.
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Inertial maneuver profile
The overall system (e.g. turbojet or turbofan engine)
accelerates at a O and rotates at l 0 . In component
form, the system acceleration is
a O ¼ aO e^ þ aO e^ þ aO e^

ð3Þ

The system can also experience rotations in addition to translations. The components of the maneuver rotation relative to  are referred to here as
pitch, yaw, and roll, respectively. The maneuver angular velocity l 0 is then written in the following form
l 0 ¼ lp e^ þ ly e^ þ lro e^

ð4Þ

where the magnitudes of the pitch, yaw, and roll angular velocities are lp, ly, and lro, respectively, and are
functions of time which also may depend on the orientation of the overall structure. To remain consistent
with previous seal dynamics literature,34 equation (4)
is transformed into the rotating xr yr zr frame
l 0 ¼ ðlp cos

r

r Þe^xr

þ ly sin

þ ðr lro þ ly cos
þ ðlro  r ly cos

 lp sin
r þ lp sin
r

r Þe^yr

in the system-ﬁxed  frame because (a) condition
monitoring systems usually measure inertial dynamics
and (b) the contact reactions will be easier to intuit in
the system-ﬁxed frame. The consequence of choosing
a system-ﬁxed versus rotating frame is somewhat arbitrary, since other phenomena (e.g. shaft cracks) are
easier to understand in a shaft-ﬁxed rotating frame.
Nevertheless, a choice must be made, and the systemﬁxed frame will be employed herein.
The eccentric kinematics for the stationary and
rotating seal elements are shown in Figure 3(a).
The geometric centers of the stationary and rotating
seal elements are denoted Cs and Cr, respectively. The
undeﬂected geometric centers of both elements lie at
Os and Or along the shaft rotation axis; in this work,
these points are assumed to be co-linear. The eccentric
deﬂection of element j in the ith direction is labeled ji .
Using the inertial  frame, the planar position vectors locating the center of each element with respect to
Or,s are
rðCOÞs ¼ s e^ þ s e^

ð6Þ

rðCOÞr ¼ r e^ þ r e^

ð7Þ

ð5Þ

r Þe^zr

Eccentric kinematics
Both seal elements are permitted to deﬂect laterally
(i.e. eccentrically). To remain consistent with prior
seal dynamics nomenclature, these lateral deﬂections
will be referred to as eccentricities (not to be
confused with lateral imbalance of the center of
mass). The eccentric kinematic analysis is performed

As will be seen, friction forces and ﬂuid shear
forces depend on the relative eccentricity between
the elements and the relative eccentric velocity.
From Figure 3(a), the relative eccentricity vector is
  ¼ rðCOÞs  rðCOÞr

ð8Þ

The dynamic forces are functions of the acceleration of each element’s center of mass. This work
assumes that the stationary seal element is

Figure 3. Eccentric deflections of the stationary and rotating seal elements. (a) Planar kinematics of seal eccentricity and (b) film
thickness at a corresponding point on each surface.
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eccentrically balanced, that is Cs ¼ Gs; consequently,
the acceleration of the stationary element center of
mass relative to Cs is found by diﬀerentiating equation (6)
@2 rðCOÞs _
þ l0  rðCOÞs
@t2
@rðCOÞs
þ l 0  l 0  rðCOÞs þ 2l 0 
@t

a Gs ¼ a Cs ¼ a o þ

p

6 cosððtÞ þ r Þ sinððtÞ þ r Þ
6
6
½Rr  ¼ 6
6  sinððtÞ þ r Þ cosððtÞ þ r Þ
4
r sin

ð10Þ

where r is the static phase angle locating Gr in the
xpr ypr plane (referenced from xpr ). The body-ﬁxed frame
is convenient to use because the imbalance and oﬀset
are body-ﬁxed quantities. The position vectors rðCGÞr
and rðCOÞr must be written relative to the same frame
before calculating the acceleration of Gr
rðCGÞr j ¼ ½Rr T rðCGÞr jðxyzÞr



2

r

r cos

r

3
r sinððtÞþ
7
r  r Þ

 7
7
r cosððtÞ 7
7
þr  r Þ 5
1

ð9Þ

where l 0 is the maneuver rotation of the system, and
thus, the system-ﬁxed frame rotation rate.
Expressing the rotating seal element center of mass
acceleration is complicated by imbalance, axial oﬀset,
and shaft rotation; these parameters are shown in
Figure 4(a) and (b). The center of mass Gr is laterally
oﬀset from Cr by the eccentric imbalance "rG , occurring at an angle r from the body-ﬁxed spin axis 1r .
Furthermore, Gr is axially oﬀset from Cr by the distance dr. The following position vector locates the
center of mass relative to the geometric center using
the body-ﬁxed stationary seal element spin axes ðxyzÞpr
rðCGÞr ¼ "rG cos r e^xpr þ "rG sin r e^ypr þ dr e^zpr

where

ð11Þ

ð12Þ
The total position vector locating Gr to the reference point Or is found by summing equations (7)
and (11)
rðOGÞr ¼ ½r þ "rG cosððtÞ þ r Þ þ dr r e^
þ ½r þ "rG sinððtÞ þ r Þ  dr r e^
þ ½urz þ dr þ "rG r sinððtÞ þ r 

r Þe^

ð13Þ
The absolute acceleration of Gr is evaluated by
recognizing that the center of mass Gr translates
within a rotating reference frame (), where the angular velocity and acceleration of the frame are provided
in Section Inertial Maneuver Proﬁle. Accounting for
the acceleration of point O and the rotation of 
yields the absolute acceleration of the rotating seal
element center of mass
@2 rðOGÞr _
þ l0  rðOGÞr þ l 0  l 0  rðOGÞr
@t2
@rðOGÞr
þ 2l 0 
@t
ð14Þ
where the partial derivatives signify velocities and
accelerations of Gr within the reference frame.
a Gr ¼ aO þ

Figure 4. Quantities used to determine the dynamic forces and moments caused by rotating seal element eccentricity. (a) Position
analysis of seal seat eccentricities and tilts (dr not shown for brevity) and (b) imbalance and offset in the rotating seal seat.
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Expanding this expression elucidates terms resulting
from relative acceleration, maneuver acceleration,
centripetal eﬀects, and Coriolis acceleration. Several
simplifying assumptions are made for brevity in presenting the expanded results. First, centripetal accelerations resulting from l 0 are neglected because their
overall inﬂuence is small compared to centripetal
terms resulting from !r (i.e. jl 0 j 5 5 !r ). Second,
any terms resulting in triple products of the imbalance, maneuver rotation components, or the degrees
of freedom are neglected since these terms are at most
second order. The simpliﬁed acceleration is then
aGr ¼ ½aO þ €r  "rG ½!2r cosð þ r Þ þ !_ r sinð þ r Þ
þ dr €r þ 2ly u_ rz  2lro ð_r þ "rG !r cosð þ r ÞÞ
þ 2ly u_ rz þ l_ y dr  l_ ro "rG sinð þ r Þe^
þ ½aO þ €r  "rG ½!2r sinð þ r Þ  !_ r cosð þ r Þ
 dr €r  2lp u_ rz þ 2lro ð_r  "rG !r sinð þ r ÞÞ
 2lp u_ rz  l_ p dr þ l_ ro "rG cosð þ r Þe^
þ ½aO þ u€ rz þ lp ð_r þ "rG !r cosð þ r ÞÞ
þ ly ð"rG !r cosð þ r Þ  _r Þ
þ l_ p "rG sinð þ r Þ  l_ y "rG cosð þ r Þe^

ð15Þ
The acceleration simpliﬁes considerably if inertial
maneuver rotations are neglected. Likewise, expanding equation (9) provides the acceleration of the stationary seal element
a Gs ¼ ðaO þ €s  2lro _s þ 2ly u_ sz Þe^
þ ðaO þ €s þ 2lro _s  2lp u_ sz Þe^
þ ðaO þ u€ sz þ 2lp _s  2ly _s Þe^

previous references for further detail. Without including inertial maneuver rotation, the absolute angular
velocity of the rotating seal element in the rotating
ðxyzÞr frame is
l r ¼ _r e^xr þ _ r sin r e^yr þ ½ _ r ðcos r  1Þ þ !r e^zr
ð19Þ
The total angular velocity, including inertial maneuver loads, is found by summing equations (5) and (19)
l r ¼ ð_r þ lp cos r þ ly sin r Þe^xr
þ ð _ r sin r þ r lro þ ly cos r  lp sin
þ ½ _ r ðcos r  1Þ þ !r þ lro  r ly cos
þ lp sin

r e^zr

ð20Þ

@l r
¼ ½€r þ l_ p cos r  lp _ r sin r
@t
þ l_ y sin r þ ly _ r cos r e^xr
þ ½ € r sin r þ _ r _r cos r þ _r lro þ r l_ ro
þ l_ y cos
 l_ p sin

 ly _ r sin
_
r  lp r cos
r

r
r e^yr

þ ½ € r ðcos r  1Þ  _ r _r sin r þ !_ r þ l_ ro
 _r ly cos r  r l_ y cos r þ r ly _ r sin
_
r þ lp r cos

Non-contacting mechanical face seals can typically
only tolerate several milliradians of misalignment
before undesirable contact occurs. Consequently, the
angular kinematics are simpliﬁed by describing the tilt
of each element in vector form
s ¼ s e^ þ s e^

ð17Þ

r ¼ r e^ þ r e^

ð18Þ

The absolute angular velocity of each body has been
derived in detail in several other works.12,14,34,35 For
brevity, the results of those works are used here without derivation, and the reader is referred to any of the

r

r e^zr

ð21Þ

ð16Þ

Angular kinematics

r

The dynamic moments will depend on the time
rate-of-change of l r within the xr yr zr frame

þ l_ p sin

This work assumes that the stationary element is
balanced (i.e. the center of mass aligns identically with
Cs), although this restriction could be removed in
future works.

r Þe^yr

Surface velocities of seal element
Fluid pressures exist at every point p within the sealing dam, and contact pressures are generated if the
relative clearance and surface roughness dimension
are comparable in magnitude. The locations on the
seal elements commensurate with point p in the sealing dam are denoted ps and pr for the stationary and
rotating seal elements. The position and velocity of
these points must be found to determine the ﬂuid
and contact pressures. For consistent comparison,
these quantities must be described using the same
coordinate system. The maneuver velocities act with
parity on both seal elements, and therefore, do not
aﬀect the ﬂuid pressure or shear forces.
Furthermore, this work assumes that the rotating
element is always contained entirely within the
bounds of the stationary element (see Figure 3(a)).
The geometry of the sealing apparatus lends itself
naturally to a polar coordinate description; here, a
polar coordinate system ðr, Þ will be referenced relative to the rotating seal element’s center. The unit vectors deﬁning the  and r frames are related by the

8
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following rotation transformation
8 9 2
cos
>
=
< e^ >
6
e^ ¼ 4 sin
>
;
: >
e^
0

 sin
cos
0

38 9
0 >
=
< e^r >
7
0 5 e^
>
;
: >
e^
1

ð22Þ

The points pr and ps are located relative to the
rotating and stationary seal element geometric centers
by the vectors r1 and r2 , respectively, as shown in
Figure 3(a). In the polar coordinate frame, these vectors are
r1 ¼ re^r

ð23Þ

r2 ¼ r1   
¼ ½r þ ðr  s Þ cos þ ðr  s Þ sin e^r
þ ½ðr  s Þ cos  ðr  s Þ sin e^

ð24Þ

Every point ps on the stationary element has the
same velocity in the  frame because the element does
not rotate about . The velocity V ps is then always
equal to the velocity of point Cs
V ps ¼ _s e^ þ _s e^ ¼ ð_s cos þ _s sin Þe^r
þ ð_s cos  _s sin Þe^

ð25Þ

The velocity of every point pr on the rotating element accrues an additional contribution from the element’s rotation !r
V pr ¼ _r e^ þ _r e^ þ ! r  r1
¼ ð_r cos þ _r sin Þe^r
þ ðr!r þ _r cos  _r sin Þe^

ð26Þ

The ﬂuid pressure depends on the relative radial
and tangential velocities between points ps and
pr.16,19 To avoid a confusion in nomenclature, the
ﬂuid pressure equations label the rotating and stationary seal elements as elements 1 and 2, respectively.
Using this notation, the component velocities are
V1r ¼ _r cos þ _r sin

ð27Þ

V2r ¼ _s cos þ _s sin

ð28Þ

V1 ¼ r!r þ _r cos  _r sin

ð29Þ

V2 ¼ _s cos  _s sin

ð30Þ

Applied fluid and contact forces
The seal element dynamics are inextricably coupled by
ﬂuid and contact forces that exist within the sealing
dam. These forces depend on the complex interactions
between ﬂuid pressures, ﬂuid shear, surface roughness, and friction, all of which are inﬂuenced strongly

by the system dynamics (as described using the kinematic expressions provided in earlier sections). The
requisite relationship required for deriving the ﬂuid
and contact forces is the clearance between the seal
elements (i.e. the ﬂuid ﬁlm thickness), which is discussed ﬁrst. The ﬂuid and contact forces are then
derived as a function of the clearance.

Film thickness
The ﬂuid ﬁlm clearance, shown in Figure 3(b), is
the axial oﬀset between corresponding points on the
stationary and rotating seal elements, and contains
contributions from axial and angular deﬂections in
addition to the seal face geometry contributions.
To ensure consistency, the ﬁlm thickness hðr, Þ is
given with respect to the polar coordinate system
attached to the rotating seal element center
hðr, Þ ¼ Co þ ðusz  urz Þ þ ðs  r2  r  r1 Þ
 e^ þ ðtÞðr  ri Þ

ð31Þ

where the coning ðtÞ is left as a general function of
time since it depends on transient thermoelastic
deformations of the seal faces. Using each element’s
constitutive tilt components is judicious because it
simpliﬁes derivatives of the ﬁlm thickness and allows
any function of the ﬁlm thickness to be written in
terms of the degrees-of-freedom. Thus, the clearance
and its derivatives can be evaluated directly during the
numeric integration solution process without any additional calculations. Evaluating equation (31) indicates that ﬁlm thickness variations caused by
relative eccentricity are of order OðÞ (see Wileman
and Green19 for a more detailed depiction of these
eﬀects). Neglecting these second-order eﬀects gives
the total ﬁlm thickness
hðr, Þ ¼ Co þ ðusz  urz Þ þ ðs  r Þr sin
 ðs  r Þr cos þ ðtÞðr  ri Þ

ð32Þ

Spatial and temporal derivatives of equation (32)
will be useful for calculating the ﬂuid pressure
@h
¼ ðs  r Þ sin  ðs  r Þ cos þ ðtÞ
@r

ð33Þ

@h
¼ ðs  r Þr cos þ ðs  r Þr sin
@

ð34Þ

@h
¼ u_ sz  u_ rz þ ð_s  _r Þr sin
@t
_
 ri Þ
 ð_s  _r Þr cos þ ðtÞðr

ð35Þ

Fluid and contact axial pressure
The ﬂuid ﬁlm couples the rotating and stationary seal
elements, allowing one element to track misalignments
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in the other. The ﬂuid pressure in the sealing dam is
found by solving the Reynolds equation for a narrow
seal, which has previously been performed for an
FMSR-E seal by Wileman and Green.19 The resulting
ﬂuid pressure proﬁle contains contributions from
static5 and hydrodynamic eﬀects
h2
Ps ðr, Þ ¼ Po  ðPo  Pi Þ 2 i 2
ho  hi

" 
#
ho 2
1
h

ð36Þ

Fs ¼

Z

ro

Z

where is the ﬂuid viscosity and hi, ho, and hm are the
values of the ﬁlm thickness at the inner, outer, and
mean radii of the smaller element, which in this case is
the rotating seal element. The relative velocity components and ﬁlm thickness kinematics are given in
equations (27) to (30) and equations (32) to (35),
respectively.
Contact occurs between the seal faces when the
relative ﬁlm thickness at any point in the sealing
dam approaches the same order of magnitude as the
surface roughness. The contact pressure Pc ðr, Þ as a
function of ﬁlm thickness has previously been derived
using the elasto-plastic Jackson-Green rough surface
contact model.24,36,37 Approximating the pressure–
ﬁlm thickness relationship using an exponential
expression signiﬁcantly improves computation speed
when the system dynamics are simulated37
ð38Þ

where C1 and C2 depend on the surface asperity geometry and material properties. Employing a rough surface contact model to approximate the contact pressure
is advantageous because the contact pressure depends
on real and measurable surface properties rather than
implicit assumptions regarding the force–displacement
relationship. In addition, an elasto-plastic model is
required because one seal surface is typically much
harder than the other.26
The total pressure Pðr, Þ acting at any point in the
sealing dam is the sum of the contributions from static
ﬂuid pressure (equation (36)), dynamic ﬂuid pressure
(equation (37)), and contact pressure (equation (38)).
The moments caused by ﬂuid and contact pressure
acting on the seal faces are not equal and opposite
because of eccentric deﬂections of both elements (i.e.
the moments are evaluated about diﬀerent points, Cr
and Cs). Furthermore, care must be taken when deriving the contact moment acting on the stationary element because the contact and ﬂuid pressures are deﬁned

s ¼
M

Z

2

Pðr, Þrdrd

ð39Þ

½r1  Pðr, Þe^ rdrd

ð40Þ

0

ri

r ¼
M

Z

ro

Z

ro

2
0

ri


ðro  rÞðr  ri Þ @h
@h
2 þ ðV1r  V2r Þ
Pd ðr, Þ ¼ 3
2
hm h
@t
@r
ðV1  V2 Þ @h
@
þ h ðV1r þ V2r Þ
þ
r
@
@r

h@
h
ðV1 þ V2 Þ þ ðV1r þ V2r Þ
þ
r@
r
ð37Þ

Pc ðr, Þ ¼ C1 expðC2 hðr, ÞÞ

relative to a polar frame ﬁxed to the rotating element.
In vector form, the forces and moments caused by
normal ﬂuid and contact pressure are

Z

2

½r2  Pðr, Þe^ rdrd
ri

ð41Þ

0

In these expressions, the integral bounds are dictated by the element with smaller radii, which in this
work is the rotating element. The net axial force
acting on the rotating and stationary elements is
equal and opposite, i.e. Fr ¼ Fs . Since these
forces are equal and opposite, the element subscript
is dropped (Fs ¼ F and Fr ¼ F ) while retaining
the correct sign in the equation of motion. The
moments acting on the rotating element from axial
ﬂuid and contact pressures do not depend on the relative eccentricity because the polar coordinate system
r is deﬁned relative to the element’s center, Or. The
moments acting about the stationary element’s center,
however, are more complex since they act about a
point that is not the center of the r system.
Equations (39) to (41) are expanded into component
form in Appendix 1.

Friction forces
Friction forces are generated by relative tangential
motion between the surfaces at the contact locations,
and therefore these forces incur contributions from
both relative translation and relative rotation. A dry
Coulomb friction law with coeﬃcient f is used here
to relate the contact pressure Pc ðr, Þ to the shear
stress at each point in the sealing dam. The friction
shear stress acts to oppose relative velocity between
the surfaces and varies depending on position r (for
the rotating seal element, this direction is labeled
e^fr ðr, Þ). The direction is calculated using the relative
velocity between corresponding points on the rotating
and stationary seal elements

e^fr ðr, Þ ¼ 

V pr  V ps
kV pr  V ps k

ð42Þ

The shear stress direction on the stationary seal
element is opposite to that given in equation (42).
The relative velocity in the  frame is
V pr  V ps ¼ ð_  r!r sin Þe^ þ ð_ þ r!r cos Þe^

ð43Þ
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and its magnitude, after eliminating second order
terms, is


V pr  V ps 2 ¼ r!r ðr!r þ 2_  sin  2_  cos Þ  r2 !2


r

the sealing dam provides the ﬂuid shear forces
F r ðr, Þ ¼

ð44Þ
Mathematically, the above approximation is rea
, while intuitively, the
sonable since r!r 4 4 _,
approximation implies that the circumferential velocity caused by shaft rotation is much greater than
the relative translational velocity. In this manner, the
friction shear stress acting on seal element j is
fj ðr, Þ ¼

f Pcj ðr,

Þe^fj ðr, Þ

ð45Þ

The total friction force acting on seal element j is
obtained by integrating equation (45) across the sealing dam

Ffj ¼

Z

ro

Þe^fj ðr, Þrdrd


M

Z
s

Z

2

½ðr2 þ s  r2 Þ 

f Pc ðr,

Þe^fr ðr, Þrdrd

0

ri

ð50Þ

ð51Þ

Z

2

½ðr2 þ s  r2 Þ   r ðr, Þrdrd
0

ð52Þ
Z

0

ro

ro

¼

ð46Þ

The contact shear stress also generates a net
moment about each element’s center because of the
element’s tilt. In vector form, the moments acting on
the stationary and rotating seal elements are
Z

½

where the ﬂuid shear force acting on the stationary seal
element is obtained by recognizing that an observer
ﬁxed to the element sees a relative velocity with opposite sign. The ﬂuid shear stresses also generate moments
about each element’s geometric center because of relative tilt and eccentricity. These moments are


M

 fs ¼
M

2

2
f Pcj ðr,

ri

Z

_  r!r sin
e^
hðr, Þ
ri
0
_ þ r!r cos
þ
e^ rdrd
hðr, Þ
ro

F s ðr, Þ ¼ F r ðr, Þ

ri

Z

Z

r

ro

Z

2

½ðr1 þ r  r1 Þ   r ðr, Þrdrd

¼
ri

0

ð53Þ
Importantly, the eﬀects from eccentricity in the
ﬂuid shear moments are second-order and are therefore eliminated from the analysis. The components of
equations (53) and (52) are given in Appendix 1.

ð47Þ
 fr ¼
M

Z

ro

Z

Support forces: Coupled rotordynamics

2

½ðr1 þ r  r1 Þ 
ri

f Pc ðr, Þe^fr ðr, Þrdrd

0

ð48Þ
Component forms of these vector expressions are
provided in Appendix 1.

Fluid shear forces and moments
Relative motion between the seal faces induces ﬂuid
shear stresses, which are calculated by assuming
Couette ﬂow (Etsion and Sharoni21 demonstrate
that the pressure-driven Poiseuille component is negligible in narrow eccentric face seals). The Couette
shear stresses  j acting on body j only depend on
the ﬂuid velocities v between body j and body i

 j ðr, Þ ¼

@v
@

ð49Þ

where v denotes the velocity of the ﬂuid between the
seal faces. This derivative is approximated by dividing
the relative velocity between bodies j and i, V pj  V pi
by the ﬁlm thickness hðr, Þ. The relative velocity
between corresponding points on the seal elements is
given in equation (43). Integrating equation (49) over

The rotating seal element is ﬂexibly attached to the
rotor, which also experiences angular, lateral, and/or
axial deﬂections. The eﬀects of coupled rotordynamics have historically been neglected in the analysis
of mechanical face seals. Here, the ‘rotor’ consists of
the ﬂexible shaft and attached rigid disk on which the
rotating seal element is aﬃxed (see Figure 1).
The rotating element degrees-of-freedom were judiciously chosen to be absolute in the system-ﬁxed 
reference frame to reduce the mathematical and intuitive overhead associated with coupling between the
rotor and rotating seal element. Because the degreesof-freedom are absolute, the coupling between the
rotor and the rotating seal element only manifests in
the forces induced by support stiﬀness and damping.
These forces depend on the relative deﬂections between
the seal and rotor, where the rotor degrees of freedom
are denoted with subscript ‘R’. The support force is
Fs,r ¼ ½Kr ðr  R Þ  Dr ð_r  _R Þe^
þ ½Kr ðr  R Þ  Dr ð_r  _R Þe^
þ ½Krz ðurz  uRz Þ  Drz ðu_ rz  u_ Rz Þe^

ð54Þ

where the eccentric stiﬀness and damping coeﬃcients
are Kr and Dr , and the axial stiﬀness and damping
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coeﬃcients are Krz and Drz. Finally, the support
moment is
 sr ¼ ½Kr ðr  R Þ  Dr ð_r  _R Þ  !r Dr ðr  R Þe^
M
þ ½Kr ðr  R Þ  Dr ð_r  _R Þ þ !r Dr ðr  R Þe^

kinematic constraint between the precession and
spin14,34 is ¼ ðtÞ  r , and will be useful for deriving the dynamic misalignment moments. For small
misalignments 5 5 1, the rotation transformation
between the principal axes and the nutating axes
(xr yr zr ) is

ð55Þ
Equation (55) includes the eﬀect of rotating damping caused by the ﬂexible seal support. In lowtemperature applications, the rotating seal element is
often supported using an axial spring and a circumferential viscoelastic O-ring. Because the O-ring is
viscoelastic, the stiﬀness and damping properties are

2

½ICr xr yr xr

Itr
T6
¼ ½R 4 0

0
Itr

0

0

2

2

2

sin2

 12

ðIpr  Itr Þ sin 2

ðIpr  Itr Þ sin

2

6
½R ¼ 4  sin
sin

Itr
ðIpr  Itr Þ cos

Dynamic moments of the rotating
seal element

sin

0

3
7
5

cos
 cos

ð57Þ

1

The principal inertia tensor ½ICr  is transformed into the nutating reference frame xr yr zr

ðIpr  Itr Þ sin 2

a function of excitation frequency. However, the
stiﬀness and damping of the ﬂuid ﬁlm in a liquidlubricated seal is typically several orders of magnitude
greater than the support stiﬀness and damping.35 For
liquid-lubricated seals such as those considered here,
this disparity makes it reasonable to neglect variations
in the support properties caused by changes in the
excitation frequency.

ðIpr  Itr Þ sin

ð58Þ

3

7
ðIpr  Itr Þ cos 5
Ipr

using equation (57)
For small misalignments, this result reduces to the
following
 3
ðIpr  Itr Þ
7
6
sin
7
6
6

7
6
ðIpr  Itr Þ 7
7
0
Itr
½ICr  ¼ 6
7
6
cos
7
6
 

7
6
ðIpr  Itr Þ
5
4 ðIpr  Itr Þ
Ipr
sin
cos
2



Itr

0

ð59Þ

The dynamic moments acting on the rotating seal element depend on its angular momentum. To remain consistent with earlier works, the angular momentum is
derived relative to the geometric center Cr
hCr ¼ ½ICr l r

cos

3xpr ypr zpr
0
0 7
5
Ipr

Itr þ ðIpr  Itr Þ

6
½R ¼ 4  12

2

ð56Þ

The angular momentum will ﬁrst be expressed
using the rotating (i.e. nutating) xr yr zr reference
frame, and then transformed back into the 
system-ﬁxed frame prior to evaluating the dynamic
moments (i.e. the time rate of change of the angular
momentum).
Geometry, installation errors, and/or manufacturing imperfections may cause the principal axes xpr ypr zpr
to be misaligned from the spin axes 1r 2r 3r . This eﬀect
is referred to here as dynamic angular misalignment.
The misalignment magnitude is and is assumed to
occur about the principal 1r axis without loss of generality. As discussed in Section Reference Frames, the

Recognizing that Cr is an accelerating reference
point that is not the center of mass, the dynamic
moment acting on the rotating seal element is

 dyn ¼ @hCr þ ! ðxyzÞ  hCr þ rðGCÞ  mr a Cr
M
r
r
@t

ð60Þ

where
@hCr
@ ð½ICr Þ 
_
lr
¼ ½ICr l r þ
@t
@t

ð61Þ

The angular velocity of the xr yr zr reference frame is
denoted ! ðxyzÞr
! ðxyzÞr ¼ _r e^xr þ _ r sin r e^yr þ _ r cos r e^zr þ l 0
ð62Þ
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In reality, the inertial maneuver rotations are likely
to be much smaller than the shaft rotation rate !r.
Hence, the products of the orthogonal inertial rotations are much smaller than the products of any inertial rotation with the shaft speed.
The dynamic moments must now be transformed from the nutating reference frame xr yr zr
into the system-ﬁxed reference frame  to maintain
consistency with the applied forces derived earlier in
the chapter. This task is accomplished using the following rotation transformation, where the subscript
indicates the axis about which the rotation occurs and
the term in parenthesis indicates the magnitude of the
rotation
 dyn Þ ¼ ½RZr ð
ðM

@hCr
þ ! ðxyzÞr  hCr
@t

T
T
r Þ ½Rxr ðr Þ

!

ð63Þ
It is important to note that the term rðGCÞr  mr a Cr
has already been provided in the system-ﬁxed reference
frame . Finally, the inertial degrees-of-freedom are
instituted in the equations of motion using the following relationships
r

_r ¼ _r cos

r

ð64Þ
 r _ r sin

ð65Þ

r

r

_r ¼ _r sin

r

€r ¼ €r sin r þ 2_r _ r cos
 r _ 2 sin r

T

½Rxr ðr ÞT

@hCr
þ ! ðxyzÞr  hCr
@t

!

 sr
þ rðGCÞr  mr aCr ¼ þrðGCÞr  Fgr þ M




þ Mfr þ M r þ Mr þ Mri

FGr :

mr aGr ¼ Fgr þ Fzr þ F

r

þ Ffr þ Fsr þ Fri

ð70Þ

ð71Þ

where the applied forces and moments arise from
 ri and Fri ), gravity Fgr , the ﬂexstatic misalignment (M
 sr and Fsr ), ﬂuid shear (M
 r and F r ),
ible supports (M
 fr and Ffr ), and normal ﬂuid and contact
friction (M
 r and F ). Expanding these equations in
pressure (M
component form gives

cosð þ  r Þ þ ðItr  Ipr Þ
cos  þ !_ r sin Þ  Itr ðl_ p  ly _ r Þ  Ipr ly !r

þ Mr þ Kr
ð!2r

s

 mr faO ½"rG sinð þ r Þ  dr r   dr ðaO þ €r Þg

ð72Þ
Itr €r  Ipr ð!r _r þ !_ r r Þ þ Dr ð_r  _R Þ
þ Kr ðr  R Þ  !r Dr ðr  R Þ ¼
ðMfr Þ þ ðM r Þ þ Mr þ Kr s sinð þ  r Þ
þ ðItr  Ipr Þ ð!2r sin   !_ r cos Þ
 Itr ðl_ y þ lp _ r Þ þ Ipr lp !r

ð73Þ
r

ð67Þ
þ r _ r cos

r Þ

ð66Þ

and
r

½RZr ð

þ mr faO ½"rG cosð þ r Þ þ dr r   dr ðaO þ €r Þg

€r ¼ €r cos r  2_r _ r sin r
 r € r sin r  r _ 2 cos

r ¼ r sin

 Cr :
M

Itr €r þ Ipr ð!r _r þ !_ r r Þ þ Dr ð_r  _R Þ þ Kr ðr  R Þ
þ !r Dr ðr  R Þ ¼ mr gdr þ ðMfr Þ þ ðM r Þ

þ rðGCÞr  mr aCr

r ¼ r cos

maneuver loads and coupled rotordynamics, are

ð68Þ

r

r

þ r € r cos

r

The static misalignment s is caused by unavoidable imperfections such as improper installation, rotor
bow, run-out, etc., and persists even when !r ¼ 0.
This misalignment is imposed by applying a moment
to the rotating seal element that generates s11; the
line about which s occurs is referenced from axis
Xr by the phase angle  r (or, alternatively, referenced
from r by the angle  r þ ). The equation of motion
governing axial deﬂections is

ð69Þ

r

Evaluating equation (63) is tedious and leads to a
number of terms involving the rotating seal element
degrees-of-freedom and the maneuver rotation rates
lp, ly, and lro. In this work, the inﬂuence of l 0 is
retained only in terms involving products of either
three maneuver rotation rates with the shaft rotation
rate. The intermediate operations leading to the
dynamic moments amount to algebraic substitutions,
and are therefore omitted here for brevity.

Equations of motion
The equations of motion governing angular deﬂections of the rotating seal element, including inertial

mr u€ rz þ Drz ðu_ rz  u_ Rz Þ þ Krz ðurz  uRz Þ ¼ F þ Fcls
 mr ½aO þ l_ p "rG sinð þ r Þ
 l_ y "rG cosð þ r Þ þ 2lp ð_r þ "rG !r cosð þ r ÞÞ
þ 2ly ð"rG !r cosð þ r Þ  _r Þ

ð74Þ
while those for eccentric deﬂections are
mr €r þ Dr ð_r  _R Þ þ Kr ðr  R Þ ¼ ðFfr Þ
þ ðF r Þ  mr ðaO  dr €r Þ
þ mr "rG ½!2r cosð þ r Þ þ !_ r sinð þ r Þ
þ mr ½2lro ð_r þ "rG !r cosð þ r ÞÞ
 2ly u_ rz  l_ y dr þ l_ ro "rG sinð þ r Þ

ð75Þ
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mr €r þ Dr ð_r  _R Þ þ Kr ðr  R Þ ¼ ðFfr Þ
þ ðF r Þ  mr ðaO þ g þ dr €r Þ
þ mr "rG ½!2r sinð þ r Þ  !_ r cosð þ r Þ
 mr ½2lro ð_r  "rG !r sinð þ r ÞÞ
 2lp u_ rz  l_ p dr þ l_ ro "rG cosð þ r Þ
ð76Þ
where the closing force on the seal is
Fcls ¼ Fspr þ

Po ðr2o  r2b Þ þ Pi ðr2b  r2i Þ

ð77Þ

The supporting secondary spring force is Fspr, while
the radii in the above equation pertain to the rotating
seal element (i.e. the smaller element). The equations of
motion for the stationary seal element are easily
obtained because the degrees-of-freedom are only
coupled through ﬂuid and contact forces and moments.
These equations of motion, including static angular
misalignment  si and inertial maneuver loads, are
Its €s þ Ds _s þ Ks s ¼ Its l_ p þ Ks si, þ Ms þ ðM s Þ

ð78Þ
Its €s þ Ds _s þ Ks s ¼ Its l_ y þ Ks si, þ Ms þ ðM s Þ

dynamics which occur much slower than the seal
dynamics. A complete model for thermoelastic
deformation would require solving the elastic and
heat conduction equations simultaneously with the
proper boundary conditions. Fortunately, the thermoelastic dynamics of face coning can be accurately
approximated in normal operating conditions by
using the ﬁrst-order model developed by Green.26
This model relies on parameters obtained from a
ﬁnite element simulation, and includes the appropriate heat transfer boundary conditions, thermoelastic
deformations, and viscous heat generation

T _ þ  ¼ ref

"

Z

2

Z

ro

Qf ¼

f Pc ðr,
0

ð80Þ

 ms ðaO  2lro _s þ 2ly u_ sz Þ
ð81Þ
ms €s þ Ds _s þ Ks s ¼ Ks si, þ ðFfs Þ þ ðF s Þ
 ms ðaO þ g þ 2lro _s  2lp u_ sz Þ
ð82Þ
where g is the acceleration due to gravity. The static
misalignments si, , si, , si, , and si, are imposed by
applying forces and moments that enforce the misalignment. It must be noted once again that these
equations of motion for the FMSR seal represent a
generalized case of previous works, which considered
simpler seal conﬁgurations such as the FMR or FMS.
The equations of motion given here reduce to the
forms derived in previous studies when the appropriate assumptions are instituted in the equations.

!r
!ref

2

Qf
þ
ðQv Þref

#
ð83Þ

Þ!r r2 drd

ð84Þ

ri

Z

2

Z

ro

ðQv Þref ¼
ms €s þ Ds _s þ Ks s ¼ Ks si, þ ðFfs Þ þ ðF s Þ



where  is the face coning and hmean is the average ﬁlm
thickness across the sealing dam. The time scale is
determined by the time constant  T, while the coning
magnitude is controlled by the reference parameters
ref, href, and !ref found from the ﬁnite element simulation.26 The frictional heat generation Qf is normalized by the viscous heat generation at the reference
parameters

ð79Þ
ms u€ sz þ Dsz u_ sz þ Ksz usz
¼ F  Fcls  ms ðaO þ 2lp _s  2ly _s Þ

href
hmean

0

ri

!2ref
href

r3

ð85Þ

Importantly, the frictional heat generation is
assumed to occur axisymmetrically even though the
asperity contact is usually localized. This assumption
is reasonable because of the time-scale discrepancy
between the system dynamics and the thermoelastic
deformations.26 It should be noted that these thermoelastic deformation equations are provided for completeness, especially for future works, and are not
simulated in this work.

System equations of motion
In matrix form, the equations of motion for the
FMSR-ER system are
€ þ ð½D þ ½1  þ ½GÞfqg
_ þ ð½K þ ½0 
½Mfqg

_ tÞ
þ ½Dr Þfqg ¼ Fa ðfqg, fqg,

ð86Þ

Thermal deformation: Viscous and frictional heating
Face coning in mechanical seals is typically generated
by mechanical and thermal deformations. Mechanical
deformations are small compared to thermal deformations and occur almost instantaneously.26,38 Thermal
deformations, on the other hand, are governed by

where ½M is the mass matrix, ½D is the damping
matrix, ½G is the gyroscopic matrix, ½K is the stiﬀness
matrix, ½ contains inertial forces due to maneuver
rotation, and ½Dr  is the rotating damping matrix. The
general vector of applied forces and moments, Fa , is
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given in equations (70) and (71). The mass matrix is


044

½Ms 

½M ¼



,
½Mr 

044
,
½Cr 

044

044
½Cs 
½D þ ½1  þ ½G ¼
044

½Bs 
½K þ ½0  þ ½Dr  ¼
044


ð87Þ

½Br 

system equations of motion. A closed-form analytic
solution is perhaps available in some simpliﬁed situations (e.g. steady-state, no contact, and small
motions about equilibrium). Still, addressing practical
seal design problems in high-performance systems
(e.g. hydrodynamic lift-oﬀ seals in high performance
jet engines) almost certainly requires numeric solution
due to the non-linear and complex nature of the problem. Speciﬁcs of applicable numeric methods are left
to future works, where simulation results will also
be provided.

where
2
6
6
6
½Ms  ¼ 6
6
6
4
2
6
6
6
½Mr  ¼ 6
6
6
4

Its

0

0

0

Its

0
ms

0
0

sym:
Itr

3

0

Conclusions

7
7
7
7,
7
7
0 5
ms
0
0

ms

0

0

0

mr dr

Itr

0

mr dr

0

mr

0
mr

0
0

sym:

3

ð88Þ

7
7
7
7
7
7
5

mr
2
6
6
6
½Cs  ¼ 6
6
6
4
2
6
6
6
½Cr  ¼ 6
6
6
4

0
Ds

Ds

0
0
Dsz

0
0
2ms ly
Ds

0
0
Drz

0
0
2mr ly
Dr
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Dr

Ipr !r
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3
0
7
0
7
7
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7
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3
0
7
0
7
7
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7
7
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2
6
6
6
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6
6
4
2
6
6
6
½Br  ¼ 6
6
6
4

Ks

0
Ks

0
0
Ksz

sym:
Kr  mr aO dr

0
0
0
Ks

0
0
0

3

7
7
7
7,
7
7
0 5
Ks

Ipr !_ r þ !r Dr
Kr þ mr aO dr
skewsym:

0
0

0
0

Krz

0
Kr

3
0
0 7
7
7
0 7
7
7
0 5
Kr

ð90Þ
Thermoelastic eﬀects, given in equation (83), can
be included in the above equations by appropriately
expanding the state vector.
The complexity of the model presented above, in
addition to that of the applied forces (ﬂuid, contact,
etc.), necessitates an iterative numeric solution of the

Mechanical face seals are complicated systems,
and correctly treating their dynamics requires amalgamating many disparate phenomena. In particular,
mechanical face seals are constitutive to a larger turbomachine, which itself is constitutive to another
system (e.g. an aircraft). For the ﬁrst time, this work
includes the eﬀect of rotordynamics in the seal equations of motion, for a seal which is ﬂexible in the
axial, angular, and eccentric directions. The equations
of motion are left in the generally transient form,
where the shaft speed is free to remain a generic function of time to represent start-up, shut-down, or other
transient modes of operation. In addition, and also
for the ﬁrst time, this work encapsulates the complex
interaction of external accelerations and rotations (i.e.
maneuver loads) with the dynamics of the face seal.
A variety of excitations are considered here, including
those which are natural to the system, such as ﬂuid
shear and normal ﬂuid pressure, and those which represent seal faults (e.g. face contact, friction, dynamic
angular misalignment, static angular misalignment,
axial oﬀset, and eccentric imbalance). The face
coning, which is responsible for generating hydrostatic pressure between the seal faces, is left as a
time-dependent function which depends on the thermoelastic deformation of the seal apparatus.
This novel and comprehensive mechanical face seal
model represents a signiﬁcant step forward in the
state-of-the-art regarding non-contacting mechanical
face seal dynamics. Now, the importance of coupled
rotordynamic deﬂections on the performance and
design of mechanical face seals can be assessed quantitatively. Furthermore, the impact of operating a
mechanical face seal in a high-performance inertial
maneuver environment can be assessed, and the conclusions applied to develop enhanced and reﬁned
mechanical face seals. Most importantly, the utility
of the model presented here is that it has been
left in the most general form possible in an eﬀort to
provide a tool that enjoys eﬃcacy beyond simpliﬁed
or assumed operating conditions. The model is also
general enough that more advanced models for
ﬂuid pressure (e.g. compressible ﬂow) or geometry
(spiral-groove) can easily be substituted for the
liquid-lubricated pressure proﬁle given herein.
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Appendix

Appendix 1. Components of the
applied forces

Notation
aOi
Co
dr
Di
Diz
Di
Fspr
hi
ho
Iti
Ipi
Ki
Kiz
Ki
mi
Pc ðr, Þ
Pi
Po
rb
ri
ro
uij
ðtÞ

r
 ij

r
s
lp
ly
lro
f
r

s

T
!r

acceleration of point O in the ith
direction.
axial centerline clearance between the
seal elements.
axial offset of the rotating seal element.
secondary seal angular damping of
body i.
secondary seal axial damping of body i.
secondary seal lateral damping of body
i.
secondary seal spring force.
film thickness at the inner seal radius.
film thickness at the outer seal radius.
transverse mass moment of inertia of
body i.
polar mass moment of inertia of body i.
secondary seal angular stiffness of
body i.
secondary seal axial stiffness of body i.
secondary seal lateral stiffness of
body i.
mass of body i.
contact pressure as a function of
position.
inner seal pressure.
outer seal pressure.
balance radius of the seal faces.
inner radius of the seal faces.
outer radius of the seal faces.
axial tilt of element i in the jth direction.
time-dependent shaft rotation angle.
seal face coning.
static phase angle of the rotating element imbalance.
angular tilt of element i in the jth
direction.
relative tilt.
tilt angle of the rotating seal element.
tilt angle of the stationary seal element.
system pitch angular velocity.
system yaw angular velocity.
system roll angular velocity.
lubricant viscosity.
coefficient of friction.
precession angle of the rotating seal
element.
precession angle of the stationary seal
element.
thermal time constant.
dynamic angular seal misalignment.
shaft rotation rate.

The following equations provide speciﬁc component
forms of the applied forces and moments acting on
the rotating and stationary seal elements.

Fluid and contact pressure
Z

ro

Z

2

Mr ¼ 

ð91Þ

Pðr, Þr2 cos drd

ð92Þ

Pðr, Þðr sin   Þrdrd

ð93Þ

Pðr, Þð  r cos Þrdrd

ð94Þ

0

ri

Z

Z

ro

2

Mr ¼
0

ri

Z

Pðr, Þr2 sin drd

ro

Z

2

Ms ¼
0

ri

Z

ro

Z

2

Ms ¼
0

ri

Fluid shear
Z

Z

ro

2

!r

ðMfr Þ ¼

0

ri

r cos  r sin 3
r cos drd
hðr, Þ

ð95Þ
Z

ro

Z

2

!r

ðMfr Þ ¼

0

ri

r cos  r sin 3
r sin drd
hðr, Þ

ð96Þ
Z

ro

Z

2

ðMfs Þ ¼  !r
0

ri

s cos  s sin 3
r cos drd
hðr, Þ

ð97Þ
Z

ro

Z

2

ðMfs Þ ¼  !r
ri

0

s cos  s sin 3
r sin drd
hðr, Þ

ð98Þ

Friction
Expanding equations (46) and (47), neglecting secondorder terms, and ignoring moments about  gives the
friction forces and moments caused by eccentricity
and rotation
Z
ðF r Þ ¼

ro

Z

2

Pc ðr, Þð

f
ri

0

_  r!r sin
Þdrd
!r

ð99Þ
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Z
ðF r Þ ¼

17
Z

ro

 

_ þ r!r cos
Pc ðr, Þ
drd
!r

2

f
0

ri

ð100Þ
ðF s Þ ¼ ðF r Þ

ð101Þ

Z
ðM r Þ ¼

Z

ro

Pc ðr, Þ

Z
ðM r Þ ¼

ro

ð102Þ
Z

 ðr cos  r sin Þr2 sin drd
Z
ðM s Þ ¼ 

ro

ri

2

Pc ðr, Þ

ð105Þ

0
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 ðs cos  s sin Þr cos drd
Z
ðM s Þ ¼ 
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Z

2

Pc ðr, Þ

f
ri

0

Z
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2
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f
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0

ri

ri

ðF s Þ ¼ ðF r Þ

2

f
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 ðs cos  s sin Þr2 sin drd

2

 ðr cos  r sin Þr cos drd
ð103Þ

ð106Þ

