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Introduction nent on the seal motion. Therefore, direct numerical simulations
are not conducive to parametric studies of modifications to the

Noncontacting mechanical gas face se#ig. 1) are used in §eometry or operating conditions, which are often involved in seal

high speed rotating machinery to obstruct or prevent sealed

. ; ign. On the other hand, small perturbation techniques and lin-
from escaping around a rotating shaft from one compartment

3y analytical analysis methods are more practical and cost effi-

mance; in theory, a smaller gap increases the resistance 0 eseapsyressibility effects. So far, two specific obstacles have hin-
ing flow. The ideal seal design then maximizes this resistance Qe the development of analytical techniques for gas face seals:

maintaining the face separation as narrow and as parallel as p@stiosed-form representations of the gas film stifiness and damp-
sible, even when inherent flaws, such as rotor runout and initia

stator misalignment, are present. Such misalignments occur in all
practical seals because of manufacturing tolerances, assembly im-
perfections, mechanical warping, face wear, bent shafts, etc.

In general, face seals are designed so that one or both of Y
seal rings are flexibly mounted to allow active tracking of mis housing \
alignments. This flexibility adds to the complexity of dynamic
interaction between the seal ring motion and the gas film. Ti stator Vil
relative motion between the mating rings generates hydrodynar ! Y.
pressure in the sealing region, which can be advantageous or ( Z};gg\l/e

rimental. In a well designed seal, the gas film contributes bo spring
stiffness, which actively promotes face separation, and dampir
which helps to dissipate energy from shock disturbances. Ho
ever, these gas film properties, under some circumstances, \ Rl
also contribute to seal failure by instigating instabilities, and ne

glecting the gas film contribution can lead to seal designs wi &
poor dynamic performance and sometimes catastrophic resu
Therefore, a critically important challenge is to develop dynam :
analysis tools for the design of mechanical face seals that incz shaft
porate the complex properties of the gas film.

To date, the dynamic analysis of gas face seals has reli
mostly on the direct numerical simulation of motigh-6]. Direct
numerical simulations are useful because they are faster and | N
expensive than prototype development or experimental investi¢
tions and because they can include the nonlinear effects. Thot
they yield a significant amount of detailed information about th
overall seal motion, numerical simulations are computational
intensive and not insightful into the influence of any one compc

secondary O-ring seal
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Fig. 2 Mechanical face seal kinematic model and spiral groove geometry profile

ing properties have not been developed &yl a method for xgy.zs, is used to describe the stator orientation. Xhe, plane is
coupling the gas film properties to the other elements in the sydiosen to lie coincident with the stator face; however, the frame
tem is not available. rotates to keep the; axis perpendicular td. Precession of axis,

The objective of this paper is to breach this apparent gap aadout Z is measured by the anglé from the X axis, and the
present a semi-analytical dynamic analysis technique for mechamittation angleys, gives the stator tilt with respect # A similar
cal gas face seals. The new technique is comprised of three stepterence framex,y,z , is defined for the rotor so that, mea-
In the first step, the linearized gas film properties are characterizages the rotor til{runoud with respect toZ. The tilt, v,, takes
using a conventional numerical technique. Three such techniqueace about the&, axis, which precesses at a constant rat€)of
have been presented in literature: the small perturbation metheidure 1 shows the rotor runout at the particular instant when the
[8—10], the step jump methoHL4], and the direct numerical fre- x, axis is pointing into the page.
quency response meth¢dll]. It is important to note that in this  The stator and rotor tilt angles are small, on the order of one
entire analysis process, this first stg@p., computing the gas film milliradian or smaller, so the tilts can be treated as vectors. In this
stiffness and damping propertjes the only part that necessarily case, the stator tilt vectory{) and the rotor tilt vector {,) can be
requires numerical computations by computer. In the second stdpcomposed into components along the ineXiaind Y axes,
an analytical constitutive model is constructed that accurately rep-
resents the gas film rotordynamic properties in closed-form. Then
finally, the constitutive model is coupled to the equations of mo-
tion using the gas film correspondence principle, allowing for . . . _
closed-form solutions of the resulting equations. Recently, an ana- ¥r =7 COL Q) Ex+ v, SI(Qt)Ey . (1)
lytical solution for the dynamics of gas face seals that replicates
[13] has been presented by Rud®], but the technique does notwhere éx and €, are unit vectors in theX and Y directions, re-
incorporate the frequency dependence of the gas film propertispectively. In this formulationy, is initially aligned with the in-
The procedure developed here is not constrained by the limitatiertial X axis. During operation, the relative misalignment between
of constant(frequency independengas film properties; instead, the stator and rotor is one of the critical factors that influences
these complex properties are totally incorporated using the corsgaling performance. For example, a large relative misalignment

¥s=¥x ExT 7y €v,

spondence principle. amplitude or phase difference is deleterious, causing excessive
leakage and/or seal face contact. The relative misalignmesnt,
Mechanical Face Seal Dynamic Model is the vector subtraction of the stator and rotor tilts,

A schematic of the mechanical seal model is shown in Fig. 1.

One seal ring(stato) is flexibly mounted to the housing by an  ¥re= ¥s— ¥r={7x— ¥r COS Qt)}Ex+{yy— ¥, SINQ1)}Ey .
elastomeric o-ring, acting as the secondary seal, and a spring. The 2

other seal rindrotor) is rigidly mounted to the rotating shaft. The

stator is flexibly mounted ideally to allow successful tracking ofhe relative misalignment vector reveals both the difference in
the rotor motion and thereby to minimize the relative misaligmmagnitude and phase between the stator and rotor, making it an
ment between the two seal rings. Often, spiral grooves are nexcellent indicator of the stator tracking ability and overall sealing
chined into one of the faces to improve sealing and to facilitafgerformance. Ideally, the relative misalignment is minimized for
face separation during initial startup. minimal leakage.

A kinematic model of the mechanical seal is shown in Fig. 2. The seal studied in this work contains spiral grooves manufac-
The stator’s flexible mounting admits three degrees of freedotuyed on the face of the stator, as depicted in Fig. 2. A totdll pf
including tilts about the inertiak andY axes (yx andyy, respec- spiral grooves are present at a depthsgf The land width to
tively) and axial translation of the stator cent@f), measured groove width fraction, measured kg, and the equation for the
from its equilibrium position,C,. A rotating reference frame, groove curvature are defined as
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W the X axis. Using the model introduced Ij¥], the magnitude of
. or=ref@¥ley o< ay<<180 deg, (3) the moment produced by the initial stator tilt is given by

B_

Cwgtw
M Xi— ksyym ’ (9)

whereks, is the angular stiffness of the flexible support.

A full dynamic analysis of the seal system requires simulta-
gous solution of the kinetic and lubrication equations. Current
¥namic analysis techniques focus mainly on direct numerical
|gpulations of motion, but analytical techniques are superior for
gdesign purposes because the solutions are available in closed-
sf rm. Before an analytical solution technique can be employed,
the gas film properties must first be available in analytical format.

whereay is the spiral angle and =90 deg corresponds to radial
grooves. The radius;;, marks the junction between the spira
groove region and the sealing dam region.

The applied forces and moments on the stator come from tH
flexible support and the gas film pressure. For this analysis, t
flexible support is assumed to have a constant axial stiffness
damping ofks; and ds, respectively. According to Green an
Etsion[7], the flexible support also contributes angular stiffne
and damping of

— 2 —_ 2 . . . . .
Ksy=5Ksz 1o, ds,=5dsz ro, (4)  Analytical Characterization of Gas Film Rotordynamic
Properties
assuming that the support forces act at the outer radius, The gas film stiffnessS;;(w), and dampingD;;(w), character-

During operation, the relative motion between the seal ringge the linear reaction of the gas film force and moments to small
and the pressure difference across the inner and outer seal ragisoidal stator displacements about equilibrium and to the cor-
generate hydrodynamic and hydrostatic pressure between the $gghonding velocity, respectively. The argument indicates the
faces. Assuming the gas flow is ideal, isothermal and inertialegsitation-frequency dependence of these properties. Since the
the pressure distribution in the gas film is obtained from the corgeal model has three degrees of freedom, there are a total of nine
pressible form of the Reynolds equatift?], terms for both of these quantities with theubscript correspond-
a(ph) ing to the generalized forcd-¢, My, or My), and theg subscript
—— (5) corresponding to the generalized displacem@tyy, or yy).

at The stiffness and damping together make up the complex-valued
The polar coordinate gradient operator is presumed here, and @& film frequency respons@;; (), where
following boundary conditions apply:

V- [phVp—6uQrphé,]=12u

Gij(0)=§ j(0)+]wD; (o). (10)
p(ri.6.t)=pi, The real part of the frequency response is also called the storage
p(ro,0,0)=p modulus, and the imaginary part is called the loss modulus.

o o The gas film properties can also be characterized in the time
p(r,0t)=p(r,2m,t). (6) domain by a series of step responses. The step response is a mea-

Solution of the Reynolds equation subject to the boundary conéwe of the transient gas film generalized force response to a small

- . ; . |t'ep jump in one degree of freedom. In this context, the step
tions yields the pressure, from which the gas film force and m?ésponse physically represents the transient gas film stiffness. Un-

tmhents,Fz, Mx, anc:rl:/ly, arﬁ found byT?]ppropn?ltelyflntegratlggder the assumption that the force response is linear, which is valid
€ pressure over he sealing area. The gas Tim force an the relative motion remains small about equilibrium, the step

ments and the seal ring motion are coupled by the film thickne : .
h, and the squeeze termdh/dt, through the stator degrees Of?ntsepg?glsﬁfalﬁs;?):'?‘rgz(tjiottglé?e frequency response by the following

freedom,
h(r,8)=Co+Z+r1yxSin(6) —ryy cog 6) +(Jy) Gi,j(w)ski,j(owjwki,j(f)efimdr. (11)
—y,r sin(6—Qt), °
i) o | The right hand side of this equation can be simplified to yield
pr =Z+ryxSin(0) —ryycog )+ Qyr cog —Ot). Gijlo)=joK; (). (12)

(7) HereK(w) is the Fourier transform dk(t). In the Laplace do-
The (8,) term is only added inside a groove and creates discoflA!"n: the relationship is

tinuity In h but not ingh/at. e —eK. .
The dynamic motion of the stator is governed by the equations Gii(8)=8Ki(9), (13)
of motion[7], whereK(s) is the Laplace transform d(t).

. . The rotordynamic properties are computed with respect to the
MZ=—FzeqtFz—kszZ—dszZ, equilibrium state of perfect seal ring alignment. Symmetry and
o= Mo — K v de ot M 8 other conditions dictate that only three of the nine terms are
Tx X7 KsyVx ™ Usy¥x ™ Mxi ®) unique; therefore, the step response and frequency response terms

Iy =My—Ke, yy—ds, ¥y - can be assembled into the following reduced matrjdd$

The force,F; ¢4, which results from static deflection in the sup- kFZ,Z 0 0

port and external back pressure, offsets the gas film force at equi-

librium to establish the reference axial position of the statgr, k(t)= 0 k'\"x~7x _k'V'Y'Vx )

For the situations studied here, the target, or ideal, equilibrium 0 Ky Ky

state is when the stator is initially aligned with the rotor. Under - VX XX

these conditions, the gas pressure at equilibrium provides no mo- [ Ge. 0 0

ment. In Eq.(8), the momentMy; accounts for the initial stator z

misalignment,y,,, caused by manufacturing tolerances and inevi- G(w)=| O Gumy vy ~Omy .y |- (14)
table imperfections in the seal assembly process. Without loss of

generality, the misalignment is arbitrarily assumed to occur about Y Gmyry  Omygy
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From the formats of these matrices, the axial displacement of the

Table 1 Mechanical face seal parameters

stator is clearly decoupled from the two stator tilts when only tt

linearized gas film effects are considered. Outer Radius, 7, 60.0 mm
For any practical seal configuration, direct analytical solutior] .

of the Reynolds equation are not possible, and the rotordynal Dam Radius, r; >1.6 mm

properties must be computed by numerical methods. Miller ay Inner Radius, 7, 48.0 mm

Green[11] compute the gas film frequency responses and the s

responses for all three modes of motion using procedures baseq Stead-State Clearance, C, 6.0 pm

numerical solutions of the full unsteady, nonlinear Reynolds equ Aneular Velocity. £ varies

tion. These techniques are employed in this work to characteri gu Y

the gas film properties. Gas Viscosity, i 1.8 (10)® N's/m?
Any numerical technique yields the gas film properties in nu

merical form. To formulate a closed-form, analytical represent Pressure at Inner Radius, P; 0.2 MPa

tion, the gas film Pproperties are r_epresented by curve fitting Pressure at Outer Radius, P, 0.1 MPa

analytical expression to the numerical frequency response or |

response data. This process generates an array of functions Stator Mass, m 1.0kg

form a constitutive model for the gas film. Originally, Elrod et al ,

[14] used a series of Laguerre polynomials as the base functjj  Transverse Moment of Inertia, / 1.8 (10)° kgm’

for the constitutive model, but Laguerre polynomial function Number of Grooves. N 12

must be used with caution because they can misrepresent the i

film properties and can introduce false instabilities into the dy Spiral Groove Angle, @ 160 deg

namic analysig15]. Alternatively, Miller and Greer{13] intro-

duced a simple Prony serida series of decaying exponential|  Land to Groove Width Ratio, § 0.5

termg as a base function for the constitutive model, and thd

showed that it does not suffer from the same deficiencies as 1 Groove Depth, 63 (pm) 12.0 pm

guerre polynomials. They successfully used the Prony series tg Support Axial Stiffness, k,, 5.0 (10)° N/m

data for gas slider bearings and showed that it worked adequaf

for conditions of low or moderate compressibility numbers. How Support Axial Damping, d,, 300.0 N's/m

ever, at large compressibility numbers, the Prony series alone . ]

incapable of sufficiently capturing all the relevant properties. A Support Angular Stiffness, &, 900.0 N'm/rad

high speeds, the step response curves display small, damped Support Angular Damping, d,, 0.54 N-m-s/rad

cillatory features. Since the Prony series is a monotonically i
creasing or decreasing time domain function, it cannot reproduce

this behavior. However, the Prony series can be modified to over- L .
come this shortcoming by adding a cosine product to each expgstances the curve fit using the frequency responses gives a pref-
nential term in the series erable fit since the dynamic characteristics of the gas film are

better portrayed in the frequency domain than in the time domain.
N In most cases, a small number of terms provides an adequate fit.
ki (D) =K j(2)+ X Ao COS; ot + by o) - €7 i, _ . _
n=1 The Gas Film Correspondence Principle: Coupling the
(15)  Gas Film to the Seal Elements

The term,k;;(«), is the asymptotic value of the step response.  once the gas film constitutive model has been developed, the
Applying a Laplace transform to the modified Prony series angbxt step is to integrate the gas film properties into the seal dy-
multiplying by s yields namic model using the gas film correspondence principle. The
N correspondence principle follows directly from the linearized gas

sK; j(s)=k; j(m)JrE AijnS film constitutive law[13],
) I = (N
4 (st a; j,n)CoS i jn)—vijnSINi;n)

72
(stajjn)tvijn

3 t

(16) fi(t)—fieq= *jzl {ki,j(o)xj(t)+ foki,j(T)Xj(t* T)dT}
. - : 7)
It is important for the constitutive model to be representable in the
Laplace domain since the gas film correspondence princigighich expresses the generalized gas film fordes £, , My, or
couples the gas film properties to the other seal elements in &) as a sum of convolution integrals containing the correspond-
Laplace domain. Furthermore, the corresponding frequency dfg step responses and generalized displacement variakjes (
main relationship is found simply by replacisgnith jo in Eq. =7, y,, or yy). The termf; ., represents the equilibrium value
(16). _ o _ of the generalized gas film force. The constitutive law is formu-

As an example of computing the constitutive model, considgited on the basis that the gas film force and moments behave
the mechanical seal detailed in Table 1. Three particular operatifigearly in response to small step displacements of the seal ring. In
conditions are considered. The gas film properties for each cagg formulation, the effects from motion in each degree of free-
have previously been numerically computed by Miller and Greefobm are considered separately and superposed to yield the net
[11]. The non-zero step responses and frequency responsestgf€e effect. The Laplace transform of Hd.7) yields the Laplace
shown in Figs. 3 and 4, respectively. The curves from the corrgomain representation,
sponding constitutive models are also shown as dashed lines in the
figures, and the excellent agreement is evident. Table 2 lists the
constitutive model parameters where the number of terms in each
series was chosen by a trial and error procedure. The values for
the parametersh; j ,, @i jn, vijn, ande;; ,, were determined  The gas film correspondence principle is applied in the follow-
using a curve fitting process on the complex frequency responsiegt manner. First, the generalized gas film forces are modeled
Although it is also possible to use the step responses, in masing a set of pseudo linear springs to represent the net gas film

3
Fi(8)—fieq=— 2, SKij(8)X(9). (18)

=1
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Fig. 3 Step responses computed by numerical solution and
the approximate constitutive model; (a) Direct axial step re-
sponses; (b) Direct tilt step responses; and  (c) Cross-coupled
tilt step responses.
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Fig. 4 Frequency responses computed by numerical solution

and the approximate constitutive model; (a) Direct axial fre-
quency responses; (b) Direct tilt frequency responses; and  (¢)
Cross-coupled tilt frequency responses.

stiffness. The wobbling motion of the rotor due to runout har-

monically oscillates the film thickness, providing a time varyinghe subscript ty” denotes the pseudo linear spring constants.
moment on the stator acting through the gas film stiffness. The qgxt, Eq.(19) is substituted into the equations of motion, E8),

film force and moments are proportional to the relative positiogng the Laplace transform is performed on the resulting equations.
between the stator and rotor. Then according to(Exqthe netgas Then, according to the correspondence principle, the complex na-

film force and moments on the stator are

-k 0 0
Fz(t)_Feq Fz:29
MX(t) = 0 _kMxJ’xxg kMy:vag
My(t
Y( ) 0 7kMY,7X,g 7kMx:7xvg
Z(t)
x4 yx(t) =y, cogQt) ¢ . (19)

(1) — ¥, sin(Q1)

Journal of Tribology

ture of the gas film properties is incorporated simply by substitut-
ing the appropriateK; ;(s) for the corresponding pseudo spring
modulusk; ; 4. Performing these steps and rearranging yields the
following equation for the axial mode,

{Mm+sKe, 2(8) +kez+ A Z(S)

=m{sZ(0)—Z(0)}+ds,Z(0). (20)

APRIL 2003, Vol. 125 / 407



Table 2 Coefficients in the modified Prony series constitutive
model for mechanical face seal

Q (rad/s) n A, o, v, b, k(o)
1| 0247 651 0 025

kez |2 o211 8266 9901 | 033 | 1.439
3| 0.0868 89923 0 0.07
b 1| -0.106 754 760 | -1.66

8377.6 k;: 2| 0.0841 8267 9841 | 031 | 0.640
"3 0.0331 89166 0 -0.01
K s 1| -0.0962 713 764 3.07

- k;;x 2| 0.00234 2559 12691 | 017 | -0.0951
*¥r 37 2000307 | 20201 0 0.0
1| 0177 497 0 0.0

ke,z |2| 0387 6293 0 0.0 0.882
3| 0.0844 66418 0 0.0

b 1| 0.0494 700 0 00| 4367
2094.4 K, 2| o150 6202 0 0.0
3| 0.0320 65371 0 0.0

b 1] o0.0814 562 0 00 | 50618
iy 2] -0.0192 1405 0 0.0
310000443 | 33392 0 0.0
1| 0540 509 0 0.0

ke,z 2] 039 4083 0 0.0 | 0211
3| 0119 37965 0 0.0
b s 1| 0.199 522 0 0.0

523.6 7 o] 0152 4031 0 0.0 0.100
Mvr 15T 00455 | 36834 0 0.0
ko 1| o0.0439 438 0 0.0

P Lo.0169 871 0 0.0 |-0.0270
My,Yy 3 B} N B} B

Clearly, the axial mode is decoupled from the two angular modes;
therefore, the solutions can be treated separately. The solution of

Eq. (20) is found by algebraic manipulation to be
m{sZ(0)— Z(0)} +ds;Z(0)

2(s)= Ms*+SKe, 2(S)+KsztSdz’ (1)
The characteristic equation for the axial mode is
M’ +5Kg, 7(S)+Ksz+5dz=0. (22)

Now for the angular modes, the following equations are found

-

I'y(s)

where the matrix coefficients are defined as

aj

ag b,

b,

(23)

a1 ap

ay=18*+sKy, , (8)+ks,+sd,,
a12= Ky, 5, (9),
a21= 5Ky, 5, (9),

(24)

=187+ 5Ky,, , (S) + K, +Sdk,,

and where

. s
b1 =1{syx(0)+ ¥x(0)} +ds, ¥x(0) + 75Ky, 4, (S) 2702

+75Kuy () Zrgz T g Mxi
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Fig. 5 Stator axial and tilt responses to initial velocity condi-

tions computed by numerical simulation and the gas film cor-
respondence principle  (£2=2094.4 rad/s)

) S
by=1{syy(0)+ ¥y(0)} +ds, ¥v(0) + 7S KMY ,yX(S) 2102

Q
+yrSKMY'7Y(S)m' (25)
The general solution for the tilt motion is found to be
Az —ah; —apby+apb,
Ix(s)= Iy(s)= (26)

Ay189— 81281 ay18p— 81081

Also, the characteristic equation for the tilt modes is the determi-
nant of the matrix in Eq(23),

a1189— 418, =0. (27)

Furthermore, by exploiting the symmetry of the support and gas
film properties, the characteristic equation can be simplified to

[1s%+ 5Ky, (8)+Ke, 50, [P +[SKy,, . (5)]°=0. (28)

The characteristic equations given by E(2) and(28) are valid
for all seals with this kinematic model and are useful for studying
their stability. Stability analysis will be discussed later.

Several types of analytical solutions are now possible, includ-
ing expressions for the initial transient response to nonzero initial
conditions, the steady-state response to rotor runout and stator
misalignment, and stability. Since the equations of motion are
linear, the effects from the initial conditions, rotor runout and
static stator misalignment can be treated, and solved separately
'and the total response is then found by the principle of superpo-
sition. The novel aspect of this analysis is that the solutions are
available in closed-form once the gas film properties have been
characterized and the constitutive model formulated. Examples of
these solutions will now be presented for the seal detailed in Table
1 with a shaft rotation speed d&b=2094.4 rad/s. Where direct
numerical simulations are presented, the technique outlined in
Miller and Green 4] has been employed.

Simulation of the Natural Transient Response

For simulating the natural transient response to initial condi-
tions, the rotor runout and stator misalignment are set equal to
zero so that only the response to nonzero initial velocity condi-
tions is considered. These conditions simulate the response of the
system to a shock excitation. In this case, the initial shock imparts
an instantaneous linear velocity along the shaft axisZ(®)
=2 mm/s and an angular tilt velocity about tieaxis of yx(0)
=0.05 rad/s. The stator transient response is computed by inverse
Laplace transformations of Eq$21) and (26), which are per-
formed symbolically using commercial software. Figure 5 shows
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comparisons of the analytical solutions with responses computed
by a nonlinear direct numerical simulation. The natural frequen-
cies of oscillation and the decay rates predicted by the analytical
and numerical solutions are in very good agreement. Also, the
correspondence principle accurately captures the coupling be-
tween the two tilt modes. The quality of these results verifies that
the axial mode is effectively decoupled from the tilt modes and
that the constitutive model accurately represents the stiffness and
damping properties of the gas film for this configuration.
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Steady-State Response to Rotor Runout

The amplitude and direction of the rotor misalignment are mea-
sured by the vectory, , which has been defined in E@). If the
runout is large, the stator is generally less capable of tracking the
rotor misalignment, leading to large seal ring separation and ex- Nondimensional Time, t-Q/c
cessive leakage. Though the transient response may be signifi(i__ant i | db
when the seal experiences a shock disturbance, the transients fed Stator tilt response to rotor runout alone computed by

. .. _namerical simulation (2=2094.4 rad/s)
usually short as long as the seal is stable. Most of the seal life IS
spent in steady-state tracking motion; therefore, the steady-state
response is used as the preferred indicator of tracking ability.
Since the system is linear, the responses caused by the rotor
runout and initial stator misalignment can be computed separat
and then added later using the principle of superposition. The
fore, neglecting the initial conditions ard,;, the only forcing
functions remaining on the right hand side of E2@) (defined as
b, andb, in Eq. (25)) are those terms from the rotor runout. Th
rotor runout produces a harmonic forcing function at the fr
guency of shaft rotatiorf), and the steady-state stator response
this forcing has the same form. Taking advantage of the symme
of the inertia, support and gas film properties, the stator respor{
can be simplified to

x,r(1)=y.AcogQt—¢),

Nondimensional Stator Tilt, y, - r,/C,

(]

0 0.02 0.04 0.06 0.08 0.1

nd lags it by an angle. For comparison, Fig. 6 shows the
imerical simulation of the stator response to a relatively large
rotor runout ofy,-r,/Cy=2.0. After initial transients have de-
cayed, the seal obviously reaches a steady-state motion of syn-
hronous tracking, where the response amplitude is constant at
o¥s.r'To/Co=2.22. Using Eq(30) with the constitutive model pa-
{gmeters in Table 2, the correspondence principle gives a steady-
te value ofyg,-r,/Cy=2.21 for the stator response, with a
tive difference of approximately 0.5 percent.
his nonlinear simulation required 258 minutes of CPU time on
a personal computer with a 450 MHz Pentium® Il processor. On
the other hand, it required 134 minutes of CPU time on the same

_ . (29) computer to numerically compute the gas film properties via the
Yy, (1) =y, Asin(Qt—¢). step jump methodsee Figs. 3 and)4and then obtain the consti-
Closed-form expressions féx and ¢ are given by tutive model parameters in Table 2. Note, however, that these gas

1 film properties must be computed only one time. Once the ana-
_ - — > — > lytical constitutive model is obtained, the closed-form solution
A A V(Rq Rye] = IM[Ry,c])"+ (R Ry o] = IM[Ry,s )%, contains no more computational overhead, which provides a sig-
nificant time savings in analysis and design.
Rq Rx,s] - Im[ RY,S]

)= R Ry oI~ IRy ol
A=a185,— 21,31 Steady-State Response to Initial Stator Misalignment

The termsay;, a,,, a;,, anda,;, are defined in Eq(24), and For the seal response to initial stator misalignment, the initial

ReR] and InfR] correspond to the real and imaginary partgpf conditions and rotor runout are ignored. Now since the stator mis-
respectively, where alignment provides a constant moment proportional to the support

stiffness, the stator response will also be constant at steady-state.

(30)

o1 . . . . To find the long-time, constant response at steady-statd2B)xjs
R c(10)= 1 {822 DKy, (19) — 215 QK (D)}, employed with the final value theorem to give
. 1 . . . . ')/X’m:;cim S-{FX(S)},
Ry s(10)= 1 {820 QK (12) — 21 QK 5, (]}, -0
(31) Yem=Lim s-{Ty(s)}. (34)

Ryo(i0)= 1 =82 0Ky, 1 () +au QK (1O)}, _ _ -
Using the symmetry conditions along with E(®), the limits
evaluate to

1
Rys(jQ)=—-{—a,j QK jQ)—aj QK jQ)}.
v.s(1Q) A {—a2i QKy, 4 (1Q)—anj QKy, , (jQ)} B LKy 1y (%) +Ksy ] Ky

The subscript t” is added to the tilt vectors in Eq29) to indi- YXm= Ym* (KM 1y (%) HKsy 1P Ky (20)
cate that it corresponds to the steady-state response to rotor runout
alone. The total stator response is found by vector addition to be ~Knmy 7y () Ksy (35)

For={7ACOS Ot §)}éx+ {yAsSINQL-¢)}6,, (32) N YN O C
or in complex notation, From this equation, the total steady state response is found by

Fer =y A, (33) vector addition,
';’s,m: '}’X,méx_" 'VY,méY ) (36)

By this analysis, it is clear that the steady-state stator response to
rotor runout is proportional to the runout amplitude by the factawhere the constant amplitude ¢f ,, is
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Fig. 7 X and Y components of stator tilt response to initial X
stator misalignment alone computed by numerical simulation
(©=2094.4 rad/s) Fig. 8 Tilt vector diagram showing the relationship among the

stator tilt responses

Yom= Y’ i (37)
ST Ky () TR PP Ky ()2

This is a static response and, therefore, does not contain inertia
terms.

For comparison, a numerical simulation of motion for an initial
stator misalignment ofy,,-r,/Cy=5.0 is given in Fig. 7. From
the data in the figure, the steady-state tilt amplitudes g,
“T5/Co=5.58(10) 2 and yy +r,/Co=9.66(10) . These val-
ues vyield a total response amplitude ofsm-r,/Co
=5.66(10) 2. Now, using the closed-form expression in E@5)
and(37) with the constitutive model parameters found in Table 2,
values of yx m ro/Co=5.56(10) %, yy m:To/Co=9.63(10) 3 :
and yg - ro/Co=5.64(10) % are computed. The differences in 0 0.02 0.04 0.06 0.08 01
the nonlinear numerical solution and the correspondence principle Nondimensional Time, t-Q/c
results are all within 0.4 percent.

—— Direct Numerical Simulation

g
o

Ind
s

W\ A AZA NN

V,JVV \VARAV/
Al
L
S

N
[N

Nondimensional Stator Tilt, y, r/C,

[ S
A

.. Fig. 9 Stator tilt response to rotor runout and initial stator
Steady'state ReSponse to BOth ROtOI’ RUﬂOUt and In|t|a| m|sa||gnment computed by numerical simulation (Q

Stator Misalignment. For the situation when both rotor runout=2094.4 rad/s)
and static stator misalignment are present, the principle of super-
position is employed to find the total steady-state response. Add-
ing s, from Egs.(32) andys ,, from Egs.(35) and(36) yields the
total stator response, ure, the average value of the total response at steady-stAte is
5 _ _ 2 : _ 5 =2.22, and the oscillation amplitude A&2=6.18(10) 2.
Y=Ly A oSOt E)F yumlEt [y ASINOL= )+ vy mlEy. For the correspondence principle, the responses to rotor runout
) o o (38)  and initial stator misalignment are computed separately and then
This vector addition is illustrated in Fig. 8: the total stator recombined for the total response. Recall previously that the corre-
sponse vector is a sum ¢f , which precesses aboriat a speed gpondence principle predicted steady-state responseys pf
Q, and ysm, which is stationary in the inertiakY frame. The T4/Co=5.66(10) 2 and s, 1,/Co=2.22 when the misalign-
amplitude of the stator response is ments were studied separately. In this instance, the constant offset
ygz 7§,r+ 7§,m+275,r[7X,mCOS(Qt_ B)+ Yy mSINQt— )], would equalys,, and the qullatlon amplltudg quld bfs,'m- .
The correspondence principle and the numerical simulation give
_ _ ~ (39)  identical results forA1, whereas the values fax2 differ by 8.4
and it precesses at a rate gf=(). For this caseyy , is much percent.
greater thanyy, So thatysm=~vyxm is @ valid approximation. * For the seal studied here, the nonlinear numerical simulation
Simplifying Eq. (39) then yields predicts a non-zero steady-state axial response to such a large
2.2 2 _ rotor runout (y,-r,/Cy=2.0). However, the amplitude of this
Y=Yt Yamt 275 Yom COS ). (40) response is small compared to the large rotor runout and corre-
WhenQt— ¢=n, wheren is an integer, thery, takes on maxi- sponding stator response amplitudes. The linearized analysis by
mum and minimum values ofs=|vys,* ysm/. When plottingys the correspondence principle could not predict such behavior
from Eq. (40), the result is a pure sinusoid oscillating about gince the axial mode and angular modes are completely decoupled
constant offset. The amplitude of the constant offset, or averagethe analysis.
value of the response, is the maximumyaf, andys ,, and the
amplitude of the superimposed oscillation is the minimuryof
andys . An example of the stator response computed by numerli.- C
cal simulation is plotted in Fig. 9 for the case whep-r,/Cy ransmissibility
=5.0 andy,-r,/Cy=2.0, which correspond to the values from In seal analysis, designers use transmissibilities as important
the separate analyses previously discussed. As depicted in theifigicators of the seal dynamic tracking ability. For instance, the
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transmissibility | ys, /v, represents the ratio of the steady-state ~ _ : :
amplitude of the stator response to rotor runout amplitude. From — Direct Numerical Simﬁlationl
Eq. (33), R N AR T A
2 06
Bl 4y  E
r 2 04
E o
whereA is given in Eqs(30). A very large or very small value for ] : :
| vsr ! v:] indicates that the stator is not tracking the rotor well. A g
ratio close to unity is preferred. For the seal studied earlier, the é 027 ,J/\V/\ / V/\ V/ V/\
transmissibility iy / v;| = 1.105, which indicates good tracking 2
behavior. Another important performance indicator is the ratio of g
stator response at steady-state to static stator misalignment, 2 o
[ Ys.m! ¥ml- From Eq.(37), this ratio is
0 0.02 0.04 0.06 0.08 0.1
Ysm| _ Ksy Nondimensional Time, t-Q/c
2 N T C o e I
" My 7x sy My 7x Fig. 10 Relative tilt response to rotor runout and initial stator

Small values folys n/v,| are preferred to facilitate better track-misalignment computed by —numerical simulation (@

ing between the stator and rotor. From the example presented094-4 rad/s)
earlier, | ys m/v¢|=0.0113, which is relatively small.

These two transmissibility ratios do not give information re-
garding the phase difference between the stator and rotor tilt vgginciple gives|y,e/ ;| max=0-135, which is within 6 percent of
tors. Even if the rotor and stator tilt amplitudes were similar, the value from the numerical simulation. Since the average ampli-
large phase difference between them can lead to excessive leakade of the relative tilt vector is approximately 0.3, which is rela-
or face contact. The better tracking indicator is the transmissibilitively large, this prediction by the correspondence principtesed
relating the ratio of the relative tilt vector to the runout amplitudeon linearization is considered a very good approximation.
The relative tilt vector at steady-state can be written from (2g.

as Stability

Yrel= Ysm™ Yo, (43) Dynamic instability is a significant issue relevant to the practi-
cal operation of mechanical face seals. The gas film correspon-
dence principle generates closed-form expressions for the charac-

Yo= Vs~ Vr - (44)  teristic equations for these seals, from which their stability can be

investigated. While the method of stability analysis is general, the

following discussion pertains to the particular face seal design
with parameters listed in Table 1, gas film properties illustrated in

Figs. 3 and 4, and constitutive model parameters in Table 2. Fur-

where

Here, ¥y, is the relative misalignment whep,,=0 (see Fig. 8
Utilizing the definition ofy, in Eq. (1) along with Eq.(32), y, can
be written in complex notation as

FYo=~Agy, el (%), (45) thermore, since the storage and loss moduli for the axial mode of
. ) this seal are strictly positive regardless of shaft spees Fig.
whereA, is a complex number defined as 4(a)), the coefficients of the characteristic E§2) are also posi-
Ao:Ae_j¢—l, (46) tive. This fulfills the necessary and sufficient conditions for un-
. conditional stability for this mode. Therefore, only instability in
and whereg, is found from the tilt modes will be investigated.
sin(¢) The characteristic equation for the tilt modes is given in Eq.
tan(¢g)= ————. (47) (28). The numerical simulation and the correspondence principle
Acog)—1 both verify that this seal is stable for the geometry and inertia

From this derivation, it is clear that the amplitude %f is con- properties stated in Table 1. However, as the transverse moment of

stant, and it precesses with spe@dwith a lag of ¢, behind the inerti_a increases, a cr_itical_ _pointorit_, is reached above whic_h the
rotating vector,y, . The transmissibility y,/7,| is then found to seal is unstable. At this critical point, at least one of the eigenval-
be ues of Eq.(28) has a zero real part, so in theory, the seal will

exhibit a sustained whirl at the corresponding frequengy;. To
find I ., the quantityj . replacess in Eq. (28), and the result-
ing frequency equation is separated into real and imaginary parts
and solved fow; andl ;; using an algorithm for nonlinear equa-
tions. Note, however, that the productlgf, and w2 will appear
in the resulting equations. This product; (2, was found to
[ Vrell <|¥s,ml + | ¥ol- (49) be the critical indicator of stability threshold in refereri@, and
. - . . - . Eq. (28) analytically confirms the same result for the seals studied
QE%ET;{EAIE;;O;LE@% g;'rz'isngiigv%?v?ggd'v'd'ng both sides of ore For this problem, values a@b.;=1788.0 rad/s and .
r ' =0.0229 kgm? were computed. Note at stability threshold,;
Yrel Yol Yeml | Vsr is significantly higher than half the shaft speedQ (
— == (50)  =2094.4 rad/s). This behavior is inherent to the spiral groove
yr Yol ¥Ym r geometry(see[11]). To verify these results, the misalignments
Low values for this transmissibility are ideal and indicate that theere set to zero and the transient responses were computed by
seal exhibits superior dynamic tracking ability. Figure 10 showonlinear numerical simulation for valueslagbove, equal to, and
vrel from a nonlinear numerical simulation for the seal wig, —belowl; . The stator mass and moment of inertia were assumed
1,/Co=5.0 andy,-r,/Cy=2.0. From the data in the figure, theto be related by =1/2m-r2, so the mass correspondingltg, is
maximum value ofy, at steady-state is 0.288, which yields an.;=12.74 kg. The three stator responses are shown in Fig. 11.
transmissibility ratio of| y,e// ¥, |max=0.144. The correspondenceThe response envelopes for two of these casds (

Y
r

=|Ag|=|Ae 1?—1]. (48)

Now, to find | y,e/¥,|, consider the following inequality from
Eq. (43):

max
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Fig. 11 Stator tilt response to initial velocity conditions near

stability threshold computed by numerical simulation
=2094.4 rad/s)

Q

=0.0216 kgm? and | =0.0234 kgm?) decay gradually, indicat-

ing they are stable. The response fer0.0252 kgm? continues
to grow, indicating it is unstable at the presumed equilibriu

tudes. The most critical transmissibility ratio for indicating track-
ing performance is the relative tilt transmissibilityy,e/ v,|,
because it measures both the relative amplitude and phase differ-
ence between the seal rings. Each of these analytical solutions
from the correspondence principle compare well with direct nu-
merical simulations that include nonlinear effects. The superb
agreement between the linear and nonlinear analysis techniques
indicates that no significant nonlinear effects were revealed by the
nonlinear simulation and that the constitutive model accurately
represents the gas film properties.

This semi-analytical dynamic analysis technique has the poten-
tial for saving a significant amount of time in the design of me-
chanical face seals. Often during the design process, many cases
are considered before a final design is chosen. It is this situation
where the semi-analytical technique offers the most significant
advantage. As long as the gas film parameters remain the same,
the stiffness and damping properties only need to be computed
once, after which the constitutive model acts as a kernel of solu-
tion for the Reynolds equation. In this case, a design can be in-
vestigated in closed-form to find the effect of a change in any
system parameter, such as mass, support stiffness, etc., with rela-
tive ease and quickness. The semi-analytical technique can also be
used to give approximate solutions if the changes are small in the
system parameters that affect the gas film properties.

m

point. Therefore, the critical moment of inertia predicted by the

full nonlinear numerical simulation is betweér-0.0234 kgm?

Acknowledgment

and 1=0.0252 kgm?. Although the correspondence principle This work was supported in part by an NSF Graduate Research
under-predicts;, the difference is relatively small. To pinpoint raineeship through Grant No. EEC-9256289 while the first au-
the exact value fot; using numerical techniques is an arduoug,gr was at the Georgia Institute of Technology. This support is

procedure(see discussion by Green and BarngBy), but this
value can be predicted fairly precisely in closed-form using t
correspondence principlgvithin 8 percent, in this example

It is emphasized that the characteristic equation is found Momenclature

closed-form in terms of the inertia, support and gas film proper-

ties. Therefore, it is ideal for parametric study especially for cas8al 812,821,822

where the parameters being varied do not influence the gas film
properties. Examples of such parameters include the inertial prop-
erties and the support properties. In these cases, once the consti-
tutive model has been obtained, the stability threshold can be
found very quickly for various ranges of the parameters directly
from the characteristic equation without computationally intensive
numerical solution.

Conclusions

A constitutive model is given for representing the stiffness and
damping properties of thin gas films in mechanical face seals. The
constitutive model is found by curve fitting the step responses or
frequency responses with a cosine-modified Prony series. The se-
ries conveniently stores the time and frequency domain properties
using only a few constants. This work also employs the gas film
correspondence principle for the semi-analytical dynamic analysis
of gas lubricated face seals. The correspondence principle is de-
rived from the gas film constitutive law, which governs the rela-
tionship among the generalized gas film forces, seal motion, and
the step responses. The validity of the constitutive law and corre-
spondence principle is predicated upon the assumption that the
generalized gas film forces behave linearly with respect to motion,
which is approximately satisfied if the motion remains small about
equilibrium. This linearized method, however, would also provide
quality insight about trends in the problem even if large excur-
sions from equilibrium were considered.

Several analytical solutions are made available by the gas film
correspondence principle. Closed-form solutions are found for the
natural response to initial velocity conditions. Also, expressions
are given for the characteristic equations, from which are com-
puted critical inertia values that yield seal instability. The steady-
state responses to rotor runout and initial stator misalignment are
derived, and closed-form expressions are given for the transmis-
sibility ratios of the stator responses to the misalignment ampli-
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matrix coefficients from tilt equation of
motion

A = amplitude of stator response to rotor runout
A, = amplitude of relative misalignment vector
wheny,,=0
A; j» = amplitude coefficient for constitutive model
b,,b, = matrix coefficients from tilt equation of
motion
C = clearance between centerlines of rotor and
stator
C, = design clearance between rotor and stator at
equilibrium
dsz.,ds, = axial and tilt damping of stator support
ij = gas film damping
Eyx, 8y = unit vectors inX andY directions
€y = unit vector in@ direction
F, = gas film axial force
Fzeq = das film axial force at equilibrium
i = generalized force
fi.eq = generalized force at equilibrium
G;; = gas film frequency response
Gi’jj = nondimensional frequency response; axial,
G*=G-Co/(P,r?); tilt,
G*=G-Cy/(P,re)
G = frequency response matrix
h = film thickness separating stator and rotor
| = stator transverse moment of inertia
It = Stator transverse moment of inertia at stabil-
ity threshold
Im = imaginary part
j = imaginary number,—=1
ki; = gas film step response
ki’jj = nondimensional step response; axial,
k*=k-CO/(Paro3; tilt, k* =k-Cq/(P,ra)
Ksz.Ks,, = axial and tilt stiffness of stator support
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Vs: Vs
Ys,msYs,m

Vsr !';’s,r
FX 1FY
A

22
Uij.n

Laplace or Fourier transform o

step response matrix

Stator mass

Stator mass at stability threshold

gas film moments abo and Y-axes
moment from initial stator misalignment
number of grooves

ambient pressure

gas pressure

gas pressure at inner and outer radial
boundaries

radius, radial coordinate

real part

inner, outer and sealing dam radii
Laplace variable

gas film stiffness

time

width of groove and land regions
inertial reference frame

o = squeeze Number, 1&2r2/(P,C3)
¢ = phase difference between stator response
and rotor runout
¢o = phase difference between relative misalign-
ment and rotor whery,,=0
¢i,;.n = frequency shift coefficient for constitutive
model
o = excitation frequency
wgit = Whirl frequency at stability threshold

) = shaft rotational speed

Subscripts
i = corresponding to the generalized forée;:,
MX y or M Y
j = corresponding to the generalized displace-
ment:Z, yyx, Or yy
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